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Physics. Magnetic resolution and nuclear moment of Rhenium. By 
P. ZEEMAN, J. H. GisoLF and T. L. DE BRUIN. 


(Communicated at the meeting of January 30, 1932.) 


Introduction. 


The first details concerning the optical spectrum of Rhenium were 
published by MEGGERS in a preliminary note!), This note was followed 
by a complete description of the spectrum from 2500 A to 8000 A, while 
a beginning of the classification was made2). In that article MEGGERS 
gives an elaborate review of the literature concerning the discovery and 
preparation of Rhenium, and of the work done upon the Réntgen spectra. 

The absorption spectrum of Rhenium was obtained by us, by means of 
an underwater sparc between a pair of Rhenium electrodes, photographed 
with a Hitcer E, quartz spectrograph. It appears that the triplet: 
Ai 3452—3460—3465 gives strong absorption, and might therefore be 
considered as combinations with the ground level. 

MEGGERS has now identified these three lines as combinations of a 
Py, .7/,,5, term with the groundterm (d° s?) °Sy, . 

We have investigated the hyperfine structure and the magnetic 
resolution of these strong lines. The results of this investigation have been 
published already in a short note in ‘Nature’ 3), 

A more complete description will be given now. 


The hyperfine structure of the groundtriplet of Rhenium. 


Experimental details. The photographs were made in the third order 
of a six inch grating with 15000 lines per inch and with a radius of 
curvature of 21 feet, in an Eagle mounting. The scale is 0.832 A per 
millimeter. 

The material used was powdered pure Rhenium, obtained from the 
“Chemische Werke, Leopoldshalle”’. 

Some of this powder was brought upon the positive pole of a copper arc 
in vacuum, With a current of 5 ampéres and 110 volts the Rhenium arc 


spectrum was extremely strong, so that exposures of about one minute 
were sufficient. 


) MEGGERS, Phys. Rev. 37, 219 (1931). 
) MEGGERS, Bureau of Standards Journal of Research 6, 1027 (1931). 
3) P. ZEEMAN, J. H. GISOLF, T. L. DE BRUIN, Nature 128, 637 (1931). 
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Perutz Fliegerplatten were used for their very fine grain. By means of 
a ZEISS microphotometer which operates with a photocell, photograms 
were made from the photographs of the hyperfine structures. 

The measurements were executed both on the original plates, and on 
the photograms. The results of these measurements differ very little. In 
the final dates the average is taken from the measurements on the plates 
and on the photograms. 


Theory and results. The theory of hyperfine structure was first given 
by PauLt1) and has been described by several authors, A fairly complete 
review is given by PAULING and GouDsMIT in their book ‘Structure of 
line spectra” chapter 11. It will therefore be sufficient to give a summing 
up of the facts which are necessary to give the interpretation of the 
patterns we have obtained. 

To the nucleus is ascribed a spin moment ].h/2 2, in which J is a new 
guantum number. This moment is composed with the mechanical moment J] 
of the extranuclear electrons to a resulting total moment vector F. This 
vector will have the value F.h/2 a, in which F is called the hyperfine 
structure quantum number. 

An electron configuration with a mechanical moment J (an ‘electron 
state’) will give rise to either 2/-++-1 hyperfine structure terms with hyper- 
fine structure quantum numbers F—J-+]; J+J—1; ......... ; J—L or 
to 2) +1 terms with quantum numbers F—=/+4+-J; J+ J—I; ......... : 
I —J, according to wether J or J is the smaller of the two. Therefore it is 
possible to deduce the value of the nuclear moment from the number of 
hyperfine structure terms that belong to one electron state, provided that 
the J value of the considered electron state is known. 

The energy difference between two hyperfine structure terms with 
quantum numbers F and F—1, belonging to one electron state, is given by 
the product of the quantum number F and a quantity A called the “‘interval 
constant’, having the same value for all the hyperfine structure terms that 
belong to one electron state. (Interval rule.) 

Thus the value of the quantum number F can be determined from the 
mutual position of the hyperfine structure terms and when the quantum 
number J is known, one may obtain the value of the nuclear spin J. 

The combination of two hyperfine structure terms to a spectral line is 
subjected to the exclusion rules: AF—0, +1 and AJ=0, +1, while 
the combinations J=0 to J =0 and F=0 to F=0 are forbidden. 

The combinations of the hyperfine structure terms of two electron states 
form together a hypermultiplet. In such a hypermultiplet the strongest 
components will come from transitions by which AJ and /\F have the 
same sign and the intensity of these components will be ranged according 


to the F values of the initial terms. 


1) W. PAULI, Naturwiss. 12, 741 (1924). 
ie 
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The value of the interval constant A may be very different for the 
various electron states of an atom. 

The hypermultiplet that arises from the transition of one electron state 
to another, will have a very regular shape if one of the two electron states 
has an interval constant that is vanishing small. In this case the hyper- 
multiplet consists of a number of lines of gradualy decreasing intensity 
and space for which the same interval rule holds as far the terms itself. 

We found that in Rhenium the hypermultiplets 2 3452 °Ss,—°Py, , 
1 3460 ©S3,— Pr, , 43465 °S3,—°Ps,, are quite of this type and the 
measurements make it certain that it is the common electron state d5 s2 6S 5, 
that is practically simple. 

The structures consist of respectively four, six and five components 
all three with the intensity and space decreasing to longer wavelength. 

The measurements gave the following results: 


jl 3452 6Ss,, — °Py, (Fig. 4) 
AA=0+ 0.064 + 0.111 +0.140...A 
Av=0—0.54 —0.94 —1.17 ...cm. 


the accuracy for the first three components being about two units, 

The interval ratios are: 4.0:2.9: 1.8. 

This gives for the hyperfine structure quantum numbers F the values 
Ar oe2 andl: 

It follows that J—5/,, 

The interval constant amounts to 0,134 cm—! calculated from the first 
two intervals, 


A= 3460 °Ss, — °Px, (Fig. 2) 
Ai =0 + 0.070 + 0.127 + 0.170 + 0.201 + 0.224... A. 
Av=0—0,58 —1.06 1.41 1680 = 087 ae 


For the first two components the error in the measurements in less than 
one unit. For the following two it may be about two units. ; 

The interval ratio is: 6.0:4,.0:3.7:2.7:2.0. Thus the 6P, state has 
six hyperfine structure terms with quantum numbers: 6, 5, 4, 2, 1. 

This gives again [—5/y, 

The interval constant calculated from the first two intervals is 
0.096 c.m.—1 


hea=340) 6 Sy, a= SPs, (Fig. 3) 


AA=0- 0.062 0115" ONSoen0nes aun 
p= 0 — 0522-0966 = 17304 CHIN ae 


For the first three components the error in the measurements will not 
exceed two units. 


The interval ratio is: 5.0: 4.2 :3,3:2.4. 
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In this case a faint sixth component must be present, but it cannot be 
expected to be resolved. 

Here too we get perfect agreement for a nuclear moment / 5/5. 

The first two intervals give an A value of 0.107 c.m.— 

So we can say that the nuclear moment has proved to be 5/5.h/2” as 
was suspected already by GREMMER and RITSCHL 1) 

Meanwhile a short note has appeared of MEGGERs, KING and BACHER 2), 
in which the same conclusion is expressed. 

It must be noticed that Rhenium has two isotopes 185 and 187 in ratio 
1.62 to 1. The structure of the multiplets makes it certain that both the 
isotopes have the same nuclear moment and that the difference of the 
interval constants, or the isotope displacement, if present, must be very 
small. In this time the same lines are under investigation with apparates of 

higher resolving power. 


Magnetic resolution. 


Experimental details. For this investigation is used the large WEISS 
electromagnet of this laboratory. A description can be found in an article 
by P. ZEEMAN and T. L. DE BRUIN3). 

The endplanes of the conical polepieces have a diameter of one centi- 
meter. With a distance of these planes of about 4 m.m. and a current of 
100 A. the fieldstrength amounts to 38900 Gauss. 

As a lightsource was used a vacuum trembler of BAcK4). For this 
trembler it is necessary to have the material in the form of small bars, 
about two centimeters long, two millimeters broad and one millimeter thick. 
As the industry could not supply the Rhenium in the form of compact 
metal, we had to make our own electrodes. 

The melting point of Rhenium being extremely high (3400°), this gave 
some trouble, but at least we succeeded in manufacturing bars of the 
desired dimensions, of quite pure and compact Rhenium, by melting the 
powder in the positive crater of a carbon arc. 

The same bars were used as electrodes for the underwater spark in 
the investigation of the absorption spectrum that was mentioned at the 
beginning of this article. 

The interrupted arc burned in air of 4 c.m. pressure with a current- 
strength of 2 Ampéres and a tension of 110 Volts. Under these conditions 
the arc spectrum was very intense. 

The optical arrangement was the same as in the experiments without 
magnetic field. The two states of polarisation were separated by means 


1) GREMMER and RITSCHL. Zeitschr. fiir Instrumentenkunde 51 170 (1931). 

2) MEGGERS, KING and BACHER. Phys. Review 38 1259 (1931). 

3) P, ZEEMAN and T. L. DE BRUIN. Handbuch der physikalische Optik Bd. II. 
) 


Gehrcke pag. 602. 
4) See BACK—LANDE ,,ZEEMAN-effekt und Multiplettstruktur” pag. 124. 
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of a calcspar rhomb. The time of exposure was varied from a half to three 
hours. The temperature of the grating was kept constant to 0.01° C. by 
using the principle: First regulate the room temperature to 0.1° and then 
regulate the grating temperature by a second step. This procedure first 
described in the article of ZEEMAN and DE BrUIN (Handbuch der phys. 
Optik, Gehrcke, Vol. 2, pag. 605, 1927) has been used with success by 
various physicists, with or without acknowledgment. 

Again Perutz Fliegerplatten were used. 

The measurements were made again both on the original plates and on 
the photograms. 


Theory and results. The influence of the nuclear moment upon the 
magnetic resolution of the spectral lines was first found by Back and 
Goupsmit 1) for the Bismuth line 1 4722, and they could show that their 
very beautiful resolution patterns were in perfect agreement with PAULI's 
suggestion. For the theory of the ZEEMAN effect of the hyperfine structure 
we may refer to the book of PAULING and GouDsMIT cited before. We will 
mention only the following facts. | 

In an external magnetic field, each electron state is split up in 2J+ 1 
“magnetic’’ states caracterised by magnetic quantum numbers m, which 
are equal to J, J—1, ......... ,—J. 

The energy differences between the successive magnetic states are 
equal, and are given by the product g.o.H. This is the ordinary magnetic 
resolution. 

When there exists a nuclear moment, each of the 2J-+1 magnetic 
electron states gives rise to 27 + 1 equidistant magnetic hyperfine structure 
terms, with magnetic hyperfine structure quantum numbers m —I, ]—1, 
Aa , —I, provided the field is very strong. . 

The distance of the magnetic hyperfine structure terms that belong to 
one magnetic electron state with quantum number my, is given by the 
product of m, and the interval constant A of that electron state. 

At the transition of one electron state to another in such a very strong 
field, the magnetic quantum number m, is not allowed to change. This 
makes that the nuclear moment causes a splitting up of each ordinary 
ZEEMAN component in 2/1 1 equidistant hyperfine structure components 
of equal intensity. 

The distance between these hyperfine structure components which belong 
to the combination of two magnetic electron states with quantum number 
m; and m’;, and with interval constants A and A’, is given by m, A—m,A’. 

We have seen that in the case of Rhenium, the common term 6S5), of 
the triplet has an interval constant which is practically zero, and therefore 
in this case the distance of the 27-1 hyperfine structure components of 


*) BACK and GOUDSMIT. Zeitschr, fiir Physik 47, 174, (1928). 
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each ZEEMAN component is given by the product of the magnetic quantum 
number m, and the interval constant A of the initial state. 

The number of components in the magnetic resolution pattern may 
become extremely large when there is a nuclear moment, but most of 
these components wont be resolved in consequence of their very small 
mutual distance. Only for the ZEEMAN components which belong to the 
highest magnetic quantum numbers m, it will be possible to resolve them 
each in their 27-+1 hyperfine structure components. The most favorable 
case is therefor found in the line 13460 °S:),—°P1, for the transition 
m; =", tom; = 5/2: 


4 3460 °S:,—°Py,. 


In the following figure is given the magnetic resolution of this line 
without nuclear moment, and the resolution pattern for a nuclear moment 
5/,.h/2 and an interval constant A—=0.096 c.m.—1 


Re. 3460. j 


WITHOUT MAGNETIC FIELD. 


WITH MAGNETIC FIELD. 
> Ww THOUT NUCLEAR MOMENT. 


ritiy WITH MAGNETIC FIELD. 
‘iil e Maca 

In the photograph of the o-components (fig. 1) the inner six components 
can be recognized immediately. 

For the mean distance of these components is measured the value 
0.334 c.m.—1 This distance must be 7/. A. So we find for A the value 
0.095 c.m.—1, while the value of A found from the hyperfine structure 
without magnetic field is 0.096 c.m.—!. The center of the group of six 
hyperfine structure ‘components gives the place of the first ZEEMAN 
component when no nuclear moment is present. 

From the place of this centre, we calculate for the LANDE splitting factor 
g, of the 6P,), state the value 1.76, while the LANDE formula gives the 


§ 


value 1.714. However, from the structure of the 6P state it is obvious that 
the coupling deviates strongly from the RUSSELL—SAUNDERS type and 
so one need not wonder that a slight anomalous g-value is found. We have 
assumed that the 6S, state has its normal g-value: g —2.000, this being 
probable in connection with the g-sum rule, The observed positions of the 
six subcomponents of the strongest o-components and the positions 
calculated with g—=1.76 and A—0.096 c.m.—! are given below. 


Obs: -+2,91 +2,62 .+2,24 +1,95 +1,60 +1,25 ...c.m.7? 
Calc.: 2,94 12,60 +2,26 -F1,93" -F159) -{-1)26)25 cm 


Obs: —2,90 —2,60 —-2,28 —1,93 .—1,61 —1,24 ...¢m.4 
Calc.: —2,94 —2,60 —2,26 —1,93 —1,59 —1,26 ...c.m. 


The small deviations may be sufficiently explained by the overlapping 
of the non resolved groups of hyperfine structure components of the other 
components, as is seen in the preceding figure. 

None of the other ZEEMAN components can be resolved in their sub- 
components. Representing groups of non resolved components by 
rectangles, we have constructed the intensity distribution as predicted by 
the theory (fig. 5a and 6a). Comparing with the photograms (fig. 5 and 6) 
the agreement is excellent. The two pikes at the outer side of each of 
the o-groups originate from the magnetic quantum numbers m; = '/, 
and m =—4. 

/\ 3465 6S5), rs? Ps),. 


This line is much less suitable for the observation of the magnetic 
resolution of the hyperfine structure, because of the smaller m, values 
and because of the smaller difference between the g-values of the two 
electron states. At the inner side of the o-group and at the outer side of 
the -group traces of hyperfine structure components can be seen. 

Comparing the photogram of the resolution pattern (fig. 7 and 8) with 
the type calculated with the normal g-value and the A of the hyperfine 
structure without field (fig. 7a and 8a) the agreement is very satisfactory, 
though the g-value is probably not quite normal. 


2 3452 °Ss, — °Py),. 


The calculated intensity distribution (fig. 92 and 10a) agrees with the 
observed type (fig. 9 and 10). In consequence of the small m; values we 
cannot expect to resolve any of the hyperfine structure components. 


In connection with a small asymmetry of the intensities as is seen from 
the photograms one is forced to consider whether the magnetic field can 
be called “very strong”. 


GouDsMIT and BACHER!) have adapted the calculations of DARWIN 2) 


1) GOUDSMIT and BACHER, Zeitschr. fiir Physik 66, 13 (1930). 
2) C. G. DARWIN. Proc. Roy. Soc. (A) 115, 1 (1927). 
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for the ordinary PASCHEN—BACK effect to the magnetic resolution of the 
hyperfine structure. 

As a second order aproximation the energy of a magnetic hyperfine 
structure state with quantum number m,, which belongs to a magnetic 
electron state with quantum number m, is given by: 


E(m, m) = m, 9g (j) oH + Am, Ue ts 
A 
= 29 (j) oH [m, UT at =e TA OG ee Wea 


In the preceding pages we have considered only the first two terms of 
the energy. When the third term is so small that it can be neglected, the 
field will be ‘‘very strong”. 

We have calculated the influence of this third term for the different 
transitions. These corrections are however smaller than the displacements 
of the intensity maxima due to the overlapping of several components and 
so we have not further considered them. 


Resuming we can say that both the natural hyperfine structure and the 
magnetic resolution give independently for the nuclear moment of both 
the Rhenium isotopes the value [— 5/5. 

Laboratory “Physica” Amsterdam. 


DESCRIPTION OF THE PLATES 
Fig. 1. Resolution pattern of Rhenium 13460 (o-components). Enlargement 8 times. At 
each side of the centre the six subcomponents belonging to the strongest ZEEMAN 
components can be seen. The distance between these hyperfine structure com- 
ponents is 0,04 A. 
Fig. 2. Zeiss photogram of the same line 23460 without magnetic field. The total 
breadth is 0.224 A. 
Fig. 3. 23465 without magnetic field. Total breadth 0,185 A. 
Fig. 7.3452 without magnetic field. Total breadth 0,140 A. 
Fig. 5. This is a photogram of the same magnetic resolution pattern of which an 
enlargement is shown in fig. 1. The inner six components at each side of the 


centre are the hyperfine structure components belonging to m, = 7/>. The outer 


two components at each side are non resolved groups belonging to m, = + 1/, 


gn LS 


and to m; = — Mo, 

Fig. 5a. In this figure we have constructed the intensity distribution, representing non 
resolved groups by rectangles. 

Fig. 6 and Fig. 6a. Observed and calculated photogram of the a-components of the same 
line 23460. Non of the groups of hyperfine structure components are resolved. 

Fig. 7 and Fig. 8. 23465 o- and 2-components. 

Fig. 7a and Fig. 8a. Calculated types for 2 3465 o- respectively ~-components. 

Fig. 9 and 10. 43452 o- and a-components. 

Fig. 9a and Fig. 10a. Calculated types for 23452 o- respectively 2-components. 


The figures 7a to 10a are calculated with normal g-values. The g-values however 
may be a little anomalous, but they could not be deduced from the resolution patterns 


with sufficient accuracy. 


Physics. — Establishment of an Absolute Scale for the Thermo-electric 
Force. By G. BoreLius, W. H. KeEEsom, C. H. JOHANSSON and 
J. O. Linde. Supplement N°. 696 to the Communications from the 
Physical Laboratory at Leiden. 


(Communicated at the meeting of January 30, 1932.) 


The results obtained for the thermo-electric forces of Pb and Sn at 
liquid helium temperatures and higher!) together with the assumption 
made probable by those results, that the THOMSON-heat o is zero in the 
supraconducting state 2), render the establishment of an absolute scale for 
thermo-electric forces possible. 

The THOMSON theory gives the formula 


de__ 4, 02 


apo Oh ee) 


which on account of the NERNST theorem gives by integration 


a te 
es Si eee. 
e= (StaT [FT @ 
0 0 


The integrals may be called the absolute thermo-electric forces per 
degree for each of the two metals, and they are of course of more interest 
than the thermo-electric force of the couple. 

It is obvious from (2) that if the integral is known for one metal, it may 
be determined for any other metal at any temperature by measurement of 
the thermo-electric force against the first. To get the value of the integral 
for that one metal, it is, however, necessary to know the values of o/T 
continuously from T down to the lowest temperatures. Fortunately the 
measurements seem to give such a knowledge with a fairly good degree 
of accuracy. 

Below the critical point of Sn at 3.72°K o/T is by assumption zero for 
Sn as well as for Pb, From 3.72 to 7.2°K it is zero for Pb, and may be 
calculated for Sn and for the special silveralloy wire called “normal” in the 
Communication mentioned 3) by the aid of equation (1) from the thermo- 
electric forces against Pb. Above 20° K o/T is known for the normal from the 
direct measurements of the THOMSON heat made by BoreELius, KEESOM and 
JOHANSSON 4) and may be calculated for Pb and Sn from the measurements 
of Comm. N°. 217c, All these values have been determined graphically 


) G. BoRELIUS, W. H. KEESOM, C. H. JOHANSSON and J. O. LINDE. These Proc. 
34, 1365, 1931. Comm. Leiden N®..217c. 


2) Cf. § 3 Comm. Leiden NO. 217c. 
3) Cf. Comm. Leiden N°. 217c § 1. 


4) These Proceedings 31, 1046, 1928. Comm. Leiden NO. 196a. 
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and are shown in Fig. 1 by the full lines. Between 7.2 and 20° K there 
is an interval, where no values could be directly calculated from our 
measurement. As will be seen from the diagram in the case of Sn the gap 
can, however, quite easily be filled up by connecting the curves on its 
sides. As to Pb and the normal the shape of the curves between 7.2 and 
20° is rather unfit for a graphical interpolation. The dotted lines in the 
figure were derived from the thermo-electric forces against Sn according 
to equation (1). At the critical points the curves are simply drawn as if 
there were a discontinuity in de/dT, though in fact we only know, that 
there is a rapid change. As however the curves are obtained here by 
graphical derivation this detail will have no influence on the result of the 


TABLE I. 


Numerical values to Fig. |. 


e 108 volt per (degree)? 
TS 
Sng Pb31 Normal 
<Bif, 0 0 _— 
3.7 277 0 40.1 
5 1.9 0 0.1 
6 7458) 0 0.2 
7 2.55 0 O72 
Uf 572 — — i453 0.2 
10 155) 15.0 S86) 
12.5 BiTe 4.2 3.5 
15 4.0 0.6 31.55 
Whats) Zeal) OFS Ze 
20 3.8 0.37 NBs) 
30 229 +0.18 0.80 
40 Dali —0.04 0.25 
50 0.86 0.09 —0.04 
60 0.51 0.05 —=(0),(08! 
70 0.44 0.13 +0.03 
80 0.36 0.15 0.10 
90 0.245 0.385 0.155 
100 0.19 = 0.21 
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graphical integration in the following. The numerical values connected with 
Fig. 1 have been collected in Table I. 


2 4 
FXO 10 20 JO 40 50 60" 


“5 wes te re 4 —— 


. 


el ao (Oe ee ee = eile = 


a) deabs 
Ts eed: 


for Sn3, Pb3; and silveralloy-normal in volt per (degree)?. 


The curves in Fig. 1 have been graphically integrated, and the absolute 
thermo-electric forces per degree 


T 
c= { p dT + . . 5 . . . . (3) 
0 


thus obtained are given in Fig. 2 and Table II. The even form of these 
curves as compared with the curves in Fig. 2 of Comm. N°. 217c, seems 
to confirm the correctness of the graphical interpolation for Sn between 
7.2 and 20° K and also demonstrate the usefulness of the absolute scale. 


+05 + __ Silver= alloy [Normal] IL 


Ss 


20 


Fig. 2. Thermo-electric force in volt per degree for Sn3;, Pb3, and silveralloy- 
normal in the absolute thermo-electric scale. 
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TABLE Il. 


Thermoelectric forces in microvolt per degree in the absolute thermo-electric scale. 


°K Sn3; Pb3; | Normal 
<37/ 0 @) +0.01 
Bi, 0 0 0.01 
5 —0.023 0 0.01 
6 0.042 0 0.01 
7 0.067 0 0.01 
Meo? 0.073 0 0.01; 
10 0.155 O40 0.030 
1275 0.25 0.685 0.096 
15 0.345 0.735 0.185 
Whee) 0.44, 0.74 0.26 
20 0.54. 0.75 0.305 
30 0.885 0.74 0.42 
40 ies 0.73 0.475 
50 1.28, 0.74 0.48 
60 1.34 0.745 0.475 
70 1.39 0.75 0.475 
80 hoes 0.76 0.48 
90 1,46; 0.795 0.49; 
100 1.48; 0.835 0.515 


With further use of the measurements of BoRELIUS, KEESOM and 
JOHANSSON on the THOMSON heat of the normal the e,,, of this wire are 
calculated further up to 300°K and are given in table III for the same 
temperatures as are used in our interpolated tables for thermo-electric 
forces per degree in the earlier papers1). We estimate the error in these 
absolute thermo-electric forces at room temperature at about + 0.1 micro- 


volt per degree. 


') These Proceedings 33, 17 and 32, 1930. Comm. Leiden N®. 206a and b. 
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TABLE III. 


Thermo-electric force in microvolt per degree for the silveralloy-normal in the absolute 
thermo-electric scale. 


Ts 
(== fi) 
. o 


ee || 
2 71a +0.005 73.1 —200 0.48 
4 269.1 0.01 83.1 190 0.49 
6 267.1 0.01 93.1 180 0.50 
8 265.1 0.015 103.1 170 0.52 
10 263.1 0.03 11381 160 0.54 
13.1 260 0.12 133.1 140 0.61 
18.1 255 0.27 153.1 120 0.68 
23.1 250 0.355 173.1 100 0.76 
28.1 245 0.405 193.1 80 0.845 
33.1 240 0.44 213.1 60 0.93 
38.1 235 0.465 2338) 40 1502 
43.1 230 0.48 253.1 20 All 
53.1 220 0.48 P73 0 1.20 
63.1 210 0.48 293.1 +20 1.29: 


We at last wish to point out that the possibility of using the 
measurements on the supraconductors for the establishment of the absolute 
scale was not quite clear to us at the time as the measurements were 
performed. The results are therefore not in details the most convenient for 
this purpose. It is probable that the scale can be more exactly determined 
by measurements on an extended number of supraconductors. 


Summary. 
: 
The authors introduce e,», =| # dT (oc = THOMSON-heat) as the 
0 


thermo-electric force per degree of a metal in the absolute thermo-electric 
scale. They calculate this quantity for tin, lead, and the silveralloy-normal 
they used, on the basis of their measurements of the thermo-electric forces 
and of the THomson-heat, of the assumption that o—0O in the supra- 
conducting state, and of an interpolation for tin between 7.2 and 20°K. 


Physics, — Measurements on Thermo-Electric Forces down to Temper- 
atures Obtainable with Liquid or Solid Hydrogen. By G. BoRELIUS, 
W. H. Keesom, C. H. JOHANSSON and J. O. LINDE. (Commun- 
ication N°, 217d from the Physical Laboratory at Leiden.) 


(Communicated at the meeting of January 30, 1932.) 


§ 1. Introduction. While preparing and performing our measurements 
on thermo-electric forces down to liquid helium temperatures we had an 
opportunity to collect a number of data on thermoelectric forces at tempe- 
ratures obtainable with liquid or solid hydrogen. We give these data in 
this paper for those metals or alloys for which we did not get numbers at 
liquid helium temperatures. 

The apparatus used and the method followed were the same as described 
in our preceding paper on measurements at liquid helium temperatures 1). 


§ 2. Results for Ag and for an alloy of Ag with Au. The silver was 
supplied for spectroscopic purposes by HILGER in London. The spectro- 
scopical analysis had given small traces of Ca as the only considerable 
impurity. As a matter of fact we tried to investigate this silver also at the 
liquid helium temperatures. We got however no good measurements on 
it at those temperatures. The results for the thermo-electric force per 
degree, obtained when the coldest junction was at the boiling point of 
helium, was not in harmony with those, obtained with the coldest junction 
at the temperature of solid hydrogen. The reason may be, that, on account 
of the great heat conductivity, which is to be expected for sucha pure silver 
at the temperature of liquid helium, a considerable part of the temperature 
difference takes place at the junctions. It may be necessary to use long and 
thin wires in such measurements. Though we thus cannot give any 
numerical values for the thermo-electric forces below 10° K., it is to be 
noted that they were found to be positive against our normal, which was 
an alloy of Ag with 0.37 at. % Au. The results for temperatures above 
10° K are given in table I. 

We have also measured another alloy of Ag with 0.91 at. % Au. As 
might be expected it falls on the other (negative) side of the normal than 
the pure Ag does. In this figure for comparison the curve for a wire of 
silver got from KAHLBAUM and measured in 1929) (here marked Agog) 
is also again traced. This silver seems to contain some thermo-electrically 


rather active impurity. 


1) These Proceedings 34, 1365, 1931. Comm. Leiden N®, 217c. 
2) These Proceedings, 33, 17, 1930, Comm. Leiden N°, 206a. 
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TABLE I. 


Thermo-electric force in microvolt per degree for pure and alloyed Ag 
against silveralloy-normal. 


Ag3, (HILGER) | Ag+0.91 at. 9/9 Au 

10.1 +0.19 42.5 +0.73 17.3 | 20015 
12.0 0.22 ON aif 0.66 Ves 0.16 
8). 7/ 0.24 30/3?) 0.68 23,9 0.20 
15.8 0.22 48.0 0.66 30.4 0.25 
Wee) 0.34 58.9 OF)! 36.8 0.27 
19.4 0.35 67.9 0.45 42.8 0.33 
24.0 (VESy/ 78.9 0.37 48.0 0.33 
26.7 ORD5 86.3 0.32 59.3 0.32 
30.3 0.70 94.2 0.30 68.3 0.33 
36.5 0.71 102.7 0.28 Ui oS Ons3 
36.7 OR/A. Zee OFZI 85.9 0.33 
94.0 0.35 

102.2 Ons5 

PY fh. 0.38 


é | ee ee ee | 
ve) /0 20 30 40 sO 60 70 (fe) 90 700 HOK 


Fig. 1. Thermo-electric force in volt per degree. Against 


silveralloy-normal., 


In Fig. 2 we have also given the thermo-electric force per degree for 
pure and alloyed silver on the absolute scale1), The influence of the 
added gold appears here more clearly. It seems rather probable that the 
pure silver approaches zero from the positive side of the axis in the 
absolute thermo-electric scale. However the measurements have not yet 


') Cf. These Proceedings, 35, p. 10, 1932. Comm. Leiden Suppl. N09. 69b. 


Wi 


given any clear knowledge of the thermo-electric properties of pure not 
supra-conductive metals at the lowest temperatures. 


en/ 
ths 


tho 


10 ZOE SOMA OMEN SO 60 70. 80 90 Oo 10% 
Fig. 2. Thermo-electric force in volt per degree in the absolute 
thermo-electric scale for Ag, Ag with 0.37 at. /) Au (Normal) 

and Ag with 0.91 at. 2) Au, 

§ 3. Av with small quantities of Fe. As we were interested to see 
if perhaps the high thermo-electric forces observed in the system Cu Fe 
at the liquid helium temperatures (c.f. our next paper) are due to the high 
degree of supersaturation of these alloys, we also investigated the 
analogous system Au Fe, where the solubility is much higher, the 
saturation limit being at room temperature about 20 at. % Fe. The 


TABLE II. 


Thermo-electric force in microvolt per degree for dilute alloys of Au 
with Fe against silveralloy-normal. 


Au-+ 0.065 at. %)Fe |} Au-+ 0.19 at. % Fe || Au-+ 1.09 at. %/y Fe |] Au +- 1.89 at. °/p Fe 


17.5 |—13.77 17.4 |—13.64 17.3 | —8.37 17.5 | —6.33 
“17.5 13.80 iV 13.92 Wh oe! Ona, 17 6.30 
Ween \ Wee u/ 24.7 13.75 24.0 10.07 MpicN| 8.10 
30.7 Ly 31.3 13.40 ORS 1B cle) 30.7 BS) 
36.9 10.26 38.3 13.01 36.7 11.88 36.9 10.40 
GOS 9.63 45.8 AS, Ot 1175 833) 4279 11.20 
48.3 8.98 50.6 11.86 a0) 12.63 48.3 11.36 
92:4 B\o43) 62.1 10.73 58.8 12.20 D452 11.78 
a: We 8 102.3 11.78 
a, Be 0 102.3 it he 
OF 2931 Us: 

2 


Proceedings Royal Acad. Amsterdam. Vol. XXXV, 1932. 
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measurements were carried out down to the hydrogen temperatures for 
four alloys with 0.065 to 1.89 at. % Fe. The results are given in eu I] 
and are shown in the temperature diagram Fig. 3 and the concentration 
diagram Fig. 4. 


C1 a en 20 50 EEA. oe SO EGO es 70 OO OO eae 7 Bee LG 
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Au+lo9 %Fe 
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Fig. 3. Thermo-electric force in volt per degree. 


Against silveralloy-normal. 


Os 40 4S Ath Fe 
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Fig. 4. Thermo-electric force in volt per degree for dilute alloys 

of Au with Fe as a function of the concentration of Fe. The 

numbers give the temperature of the isotherms on the Kelvinscale. 
Against silveralloy-normal. 


In fact the curves are quite analogous to those for the system Cu Fe 
(next paper § 3) and the negative maximum value of e is of the same 
order of magnitude. There is, however, a quantitative difference between 
the two systems in so far as the negative maximum in the system Au Fe 
as compared with the system Cu Fe is displaced for a given temperature 
towards higher concentrations (observe the different scales in the Figures 4 
of this and 3 of the next paper) and for a given concentration towards 
lower temperatures. This may perhaps depend upon the fact that the 
characteristic temperature of Au is smaller than that of Cu. Any signs of 


a specific difference as to the degree of supersaturation have not 
been found, 


~§ 4, Au with small quantities of Co. Measurements on an alloy of 
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Cu with 0.09 at. % Co carried out in 19291) down to the liquid oxygen 
temperatures made it probable that Co as well as Fe was a suitable metal 
to add for getting high thermo-electric forces at low temperatures. This 
time we measured five alloys of Au with 0.061 to 6.71 at. % Co. The 
results are given in Table III and the Figs. 5 and 6. They show, that 


TABLE Iil. 


Thermo-electric force in microvolt per degree for dilute alloys of Au with Co 
against silveralloy-normal. 


Au-+ 0.061 Au+ 0.21 Au-+ 0.95 Au+2.11 Au+ 6.71 
at. 9/9 Co at. 9/9 Co at. 9/9 Co at. 9/9 Co at. 9/9 Co 
°K, : e | AS, | e | Kk | e | AG e 


e | ck 


17/53) |= TN BY? |) i7/oSe |S ||) teach Ee} 1) SU7/ 53) mesa) ieee Ze: 
N/o5)|| Wisse Wl Boos |] Wothke il) Aho) ||) sl/r oS) |} MUI Oar |) Seales 
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Fig. 5. Thermo-electric force in volt per degree. Against silveralloy-normal. 


above about 15° K. the addition of Co to Au can give higher thermo- 
electric forces than the addition of Fe, whereas below this temperature the 
case is most probably the reverse. A detailed comparison between the systems 


1) These Proceedings 33, 32, 1932. Comm. Leiden N°. 206b. 
2% 
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Cu Co and Au Co is not yet possible, as only the one alloy of copper, 
with 0.09 at. % Co has been measured. For the present we can only state 


Fig. 6. Thermo-electric force in volt per degree for dilute alloys 

of Au with Co as a function of the concentration of Co. The 

numbers give the temperature of the isotherms on the Kelvinscale. 
Against silveralloy-normal. 


that 0.1 at. % Co has a larger thermo-electric influence on Au than on Cu 
at about 100° K. A qualitative analogy of the two systems is, however, 
quite possible. 


§ 5. Au with small quantities of Ni. We have measured three alloys 
of Au with 0.04, 0.18 and 1.16 at. % Ni. The results are given in Table IV 
and Fig. 7. The concentration diagram constructed in Fig. 8 is of course 
somewhat uncertain in the details as only three concentrations have been 
examined, ; 

It seems probable, that the most dilute alloys of Au with Ni (just as 
those of Au or Cu with Fe) have a negative maximum of the thermo- 
electric force below the liquid hydrogen temperatures. However, it is not 
yet quite sure to what extent the shape of the curves at the lowest 
temperatures are influenced by small impurities of iron. 

A comparison of the present curves for the system Au Ni with those for 
the system Cu Ni, given in our earlier paper1), show, that the same 
concentration of Ni has a larger influence on Au than on Cu (with Co 
the case was the same as with Ni, with Fe it was the opposite). 


A qualitative analogy of the two systems Cu Ni and Au Ni seems quite 
possible. 


1) Comm. Leiden N®. 206b Fig. 2. 
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TABLE IV. 


Thermo-electric force in microvolt per degree for dilute alloys of Au 
with Ni against silveralloy-normal. 


Au + 0.04 at. %y Ni Au-+ 0.18 at. Jy Ni Au-+ 1.16 at. %) Ni 
7/583 3502) | IW} == 3459 P 7/68} te Ils) 
tee) 3.04 ies) 3.60 17.3 4.16 
23.9 PD GNSS 23.9 3.53 24.0 4.88 
30.4 1.61 30.4 331 30.3 5.54 
36.8 il 2472 36.8 3.08 42.7 6.38 
42.8 0.987 42.8 2.95 47.2 6.64 
48.0 0.855 48.0 2.84 58.9 6.94 
59.3 0.722 59.3 2.66 67.8 7.41 
68.3 0.685 68.3 2.64 79.0 8.17 
lees 0.643 Tf oS) 2.66 86.2 8.37 
85.9 0.633 85.9 2207; 94.1 9.21 
94.0 0.633 94.0 2.80 102.6 9.28 
1O222 0.610 102.2 2.80 DID 14.48 
DUS se3 0.417 WSs 53 3.24 

ei 20 39 40 0 60706090 mK 

| 1 aGRGeeINT % | 

. eee oor eae is 

See 


Fig. 7. Thermo-electric force in volt per degree. Against docnlloy woman 


As far as can be made probable by extrapolations, it seems not possible 
to get the same high thermo-electric forces against the pure metals Au or 
Cu at low temperatures by adding Ni as by adding Fe or Co. 


§ 6. Au with small quantities of Mn, Cr and Ti. We have also 
measured some dilute alloys of Au with Mn, Cr and Ti, the neighbours 
of Fe, Co and Ni in the transition group of the fourth period of the 
periodic system. The results are given in Table V and Fig. 9. These alloys 
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Fig. 8. Thermo-electric force in volt per degree for dilute alloys 

of Au with Ni as a function of the concentration of Ni. The 

numbers give the temperature of the isotherms on the Kelvinscale. 
Against silveralloy-normal. 


TABLE V. 


Thermo-electric force in microvolt per degree against silveralloy-normal. 


Au-+t 0.2 at. %/p Ti Au + 3.65 at. 9/) Cr Au + 2.08 at. 9/9 Mn 


Nef sGe —0.855 W/o —0.508 0/68) —1.235 

etc 0.883 WY ses 0.503 17.3 i) 62s) 

31.3 0.807 Wetoll 0.917 2359 59 

38.3 0.756 S13 1.243 30.4 1.765 

45.8 0.633 5 OnS od 36.8 1.865 

50.6 0.562 45.8 1.916 4278 1.88 

62.1 0.361 50.6 7h ING 48.0 1.855 

68.0 OF 251 62 1 Dads BS Fe) 1.71 

102.0 +0 .236 68.0 Alls 68.3 1.65 
295.0 1.97 102.0 Dalit UE ce) | 5% 
295.0 8.42 85.9 1.48 

94.0 1245 
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give no such high thermo-electric forces against Au as the alloys of Au 
with Fe and Co. It should be noticed that the alloy of Au with Ti at high 
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Fig. 9. Thermo-electric force in volt per degree. Against silveralloy-normal. 


temperatures is positive and at low temperatures negative against the pure 
metal (analogous to the dilute alloys of Pt with Rh, investigated in 1929) 1). 


§ 7. Thermo-electric forces per degree at corresponding temperatures. 
Table VI gives graphically interpolated values of the thermo-electric 
forces against the normal of the gold alloys dealt with in this paper. The 
temperatures are the same as given in the corresponding tables of our 
earlier papers. The thermo-electric force per degree on the absolute 
thermo-electric scale introduced in Suppl. N°. 69b is to be obtained by 
adding the values of Table III of that paper. 


Summary. 


Thermo-electric forces against a silver-alloy normal were measured 
down to the temperatures obtainable with liquid or solid hydrogen for Ag 
and an alloy of Ag with Au and for Au with small quantities of Fe, Co, 
Ni, Mn, Cr or Ti respectively. 


1) Comm. Leiden N°. 2066 Fig. 2. 
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Physics. Measurements on Thermo-Electric Forces down to Temper- 
atures Obtainable with Liquid Helium. By G. Bore.ius, W. H. 
KeEsom, C. H. JOHANSSON and J. O. LinDE. (Communication 
N°. 217e from the Physical Laboratory at Leiden.) 


(Communicated at the meeting of January 30, 1932.) 


§ 1. Introduction. This paper deals with the measurements on thermo- 
electric forces referred to in Comm. N0, 217d, of platinum and of some 
binary alloys of Cu with small quantities of Fe, which were investigated 
down to the temperatures obtainable with liquid helium. For the method 
followed and the apparatus used we refer to §§ 1 and 2 of the paper 
mentioned. 


§ 2. Results for Pt and an alloy of Pt with Au. It seems to be rather 
difficult to get an accurate knowledge of the thermo-electric properties of 
real pure, not supraconducting metals at the lowest temperatures, as small 
impurities seem to have a great influence here. Measurements of 
commercial pure metals will probably only give an approximate orientation. 
We have tried to get such an orientation by measurements on physically 
pure Pt from HERAEUS in Hanau and on pure Cu obtained for spectros- 
copic purposes from HILGER in London. 

The copper contained, however, according to the report of a spectros- 
copical analysis got from the firm, 0.004 at. % Fe, and this impurity was, 
as will be seen in the next paragraph, sufficient to give thermo-electric 
properties quite different from those of pure copper. 

The platinum gave the values collected in table ] and the curve marked 
Pt,, in Fig. 1. The curve crosses the axis at 12° K. and seems to approach 
the absolute zero point from the negative side of the axis. However, we 
are not allowed to assume that this should be characteristic of the pure Pf, 
Our earlier measurements on dilute alloys of Pt with Rh1), as well as new 
measurements on Pt with 4.0 at. % Au down to the temperature of liquid 
hydrogen and in fact all our experiences hitherto from the lowest 
temperatures show, that dilute alloys are thermo-electrically negative 
against the corresponding pure metal. Thus it is quite possible that the 
negative values (negative also in the absolute thermo-electric scale) arise 
from impurities. In fact another sample of physically pure Pt from 
HERAEUS measured in 19292) and given again in Fig. 1 as Ptog lies more 
to the positive side. 


1) Comm. N°. 206b. These Proceedings 33, 32, 1930. 
2) Comm. N°. 206a. These Proceedings 33, 17, 1930. 
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TABLE I. 


Thermo-electric force in microvolt per degree for pure and 
alloyed Pt against silveralloy-normal. 


Pt3; (Heraeus) Pt + 4at.% Au 


ee ee 
445515) =—026 24.0 +2.07 W/ age 0.00 
By be 0.81 30.3 307 IM 5? == 0502 
Sea 0.78 36.7 3.88 24.7 +0.54 
HW. ff? 0.55 “he Tf 4538 Sil oS! 1.06 
7.78 0.59 47.2 4.88 38.3 1.58 
10.4 OR23 58.9 4.97 45.8 1.98 
10.6 0.16 67.9 4.95 50.6 2.06 
| 10.8 (@), 17/ 79.0 4.73 62.1 2S 
Nites! 0.04 86.2 4.26 68.0 2.14 
25 +0.07 94.2 4.00 102.0 1.06 
13},3} 0.27 10257. 355/71 295.0 =I 85) 
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Fig. 1. Thermo-electric force in volt per degree. Against silveralloy normal. 


§ 3. Cu with small quantities of Fe. The interesting high thermo- 
electric forces, obtained from our earlier measurements for an alloy of 
Cu with only 0.075 at. % Fe at the temperature of liquid hydrogen 
(Comm. N°, 206b), have led to a comprehensive investigation of the 
thermo-electric forces of copper with small quantities of Fe as a function 
of temperature and concentration and to the use of those dilute alloys for 
an examination of the way in which the thermo-electric force decreases as 
the absolute temperature approaches to zero. Besides the wire with 
0.075 at. % Fe, for which we have got results in good agreement with 


Zi 


our earlier measurements, we have measured alloys of Cu with 0.004, 0.03, 
0.10, 0.30 and 0.87 at. % Fe, the four first of them down to the temperature 
of liquid helium. The alloys were made from a copper from HILGER 
(containing 0.004 at. % Fe) by melting with Fe in vacuum. They were 
carefully homogenised and the homogeneity was controlled by measurements 
of the electrical resistance in different parts of the sample. The concentra- 
tions were obtained by weighing and by the measurements of the electrical 
resistance. The results of the thermo-electric measurements have been 
collected in table II and are shown graphically in Fig. 2. In this Figure 
we also give again the results of earlier measurements (Comm. N°. 206a) 
on technically pure Cu. 


TABLE II. 
against silveralloy-normal. 
Cu + 0.004 at. 9/) Fe | Cu + 0.03 at. 9/p Fe 

CK | e | NK | e | °K | e | OK e 

1.63 1.97 22.6 8.06 1.63 3.76 22.6 16 ge? 
173 PENS 24.0 7.98 ES 4.20 WELD 14.96 
esr hs} PAV 24.0 8.04 1273 4.28 24.0 15.05 
3.00 3.98 Nf of? eenlee 3.00 6.95 Die 16 e815) 
3.84 4.82 30).3: Gna Sate 8.13 3054 13.68 
S22 6.34 30.5 6.41 BP? 10.35 310). 13e7A 
5273 6.66 31h 6.12 5.18) 10.71 Hh) 13.66 
5.88 6.85 36.1 obs 5.88 10.97 36.1 1). 5) 
6.57 7.06 BOR 4.90 OnD7, OL SY/ BOn/ 12.40 
Uf o725) 7 Lo? 36.9 4.85 ee) 12.04 36.9 12.35 
8.20 8.06 ADS 3.65 8.20 13558) 29),,5 11522 
De h7/ 8.61 504 (5) 3.67 9.17 13.38 42.6 ib 27/ 
9.72 8.91 4303 BRAt 2) 13.65 5i6),8) 10.97 
9.96 ORD 48.0 ZO 9.96 14.05 48.0 9.80 
11.8 OF23 48.0 2.62 11.8 14.84 48.0 9.87 
16.8 8.92 65.9 0.81 16.8 15.02 65.9 6.58 
Wess) 9.12 84.1 0.30 17/58) 15.20 84.1 5.10 
Wis 9.16 93.8 0.18 WS 15825 93.8 58518) 
21.0 8.62 21.0 1552 275.6 1.62 
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TABLE II (Continued). 


Cu+ 0.075 at.% | Cu+ 0.10at. 9/9 Cu+ 0 30at. %/o Cu + 0.87 at. °/p 


Fe 


Fe Fe Fe 
Bey ee Se 
AK | e | SK. | e | AK e | IK 
OR ee eS SS ee ae 
W/O. || aio 7 2.50) |) —6.34 AX) || =H Wess) 
2252 15.94 2.62 6.56 2.62 4.18 17.3 
PMD) df 15292 3.65) 7.88 Seto By 733) V7e4 
26.1 15.60 3.50 Se 3.50 5.3 WH 
26.6 15%95 peau 10.27 5.30 6.95 Nal os 
Sie 15.46 30 12.09 7.30 8.41 PSS) 
34.9 5,00) | ho 14.82 Nike! 12.07 2359 
SB)56) ee GP || Slo’! 153, 247/ 3,3) 13.10 30.3 
42S 13:78 |) 317.0 SES 17.0 13.27 30.4 
52.0 WSs |) 22222 16.08 2222 13.96 36.5 
64.0 MOA || 2.0 16.50 220s 14.40 36.8 
7060 NOLS |) Heil 15.76 ANG) A 164 1G 39).5) 
85.1 Bi |) Ao® B53 26.6 14.38 42.8 
95.3 HANS \ Bs? 15.76 BZ 14258 48.0 
275.8 30H || See 15.32 SB 14.40 48.0 
3h) 15.32 35.3 i apeee 538).,.3) 
42.6 14532 20). 5) 14.36 62.1 
52.0 12.97 520 14.58 68.0 
64.0 Wi Se 64.0 ee G¥/ 68.3 
70.5 10.84 LORS 13.38 Uloe 
85.1 9.74 85.1 12Rae 85.9 
95S 8.96 95.3 11.80 94.0 
275.8 Zea) |} P2/S ate! 8.47 102.0 
| 102.2 


275.6 
| | 


10.55 


The results seem to state rather clearly that the thermo-electric force 
per degree (e) is in the neighbourhood of the absolute zeropoint pro- 
portional to the absolute temperature (JT). With increasing temperature e 
first reaches a (negative) maximum and then decreases. With increasing 
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concentration (c) the maximum is displaced toward higher temperatures. 
From the measurements we have also calculated diagrams giving e as 


exe 
+s 


Cu Techn. pure ,| 


fo) Jom 12008950 40 EOC OM OMS OMNNESO MEN CONNINT OF. 


Fig. 2. Thermo-electric force in volt per degree. Against silveralloy normal 
a function of c for different constant temperatures. Such isotherms have 
been put together in Fig. 3. The curves show a striking likeness to the 


curves in Fig. 2. An analysis of e as a function of T and c looks very 
interesting and will probably be carried out later on. 


O25 Os O75 AttFe 


Fig. 3. Thermo-electric force in volt per degree for dilute alloys of 

Cu with Fe as a function of the concentration of Fe. The numbers 

give the temperature of the isotherms in the Kelvin-scale. Against 
silveralloy-normal. 
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The alloys with 0.1 and 0.3 at. % Fe show, between 8 and 10° K., a 
discontinuity as well in thermo-electromotive force (see Fig. 4) as in the 
thermo-electric force per degree (see Fig. 2). Possibly the fact that in 
Fig. 2 for Cu with 0.03 and 0.004 at. % Fe the points for the temperature 
range mentioned lie a little beside the curves, is also a sign of traces of 
such a discontinuity. The discontinuity in the alloys with 0.1 and 
0.3 at. % Fe was studied by repeated variations of the temperature up 
and down and was proved to be reversible. For the present the nature of 
the discontinuity is, however, quite unknown. 


= OO 


FE) 


7 1CrO volt 


= [{@) 


Si /0 13° 
Fig. 4. E. m. f. against Cu with 0.004 at./) Fe. Cold junction at 4.24° K. 


It may be mentioned, that the alloys of Cu with Fe are highly super- 
saturated at room temperature and are obtained as homogeneous solid 
solutions, at the highest concentrations here used, only by rapid cooling 
from about 800° C. According to TAMMANN and OELSEN 1) the solubility 
of Fe in Cu should be only 10—11 at. % Fe in the equilibrium state at room 
temperature (extrapolated value). The supersaturated state is, however, 


') G. TAMMANN and W. OELSEN, Z. f. allg. u. anorg. Chem. 186, 257, 1930. 
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known as practically stable at all temperatures for concentrations below 
about 0.1 at. % Fe. 


§ 4. Thermo-electric forces per degree at corresponding temperatures. 
The tables III and IV give graphically interpolated values of the thermo- 
electric forces against the normal of the wires dealt with in this paper. 

In Table III we added corresponding values for lead and tin and for 
pure and alloyed silver derived from the results obtained in Comm. N°. 
217c and N®, 217d. 

Above —255°C. the temperatures are the same as those given in the 
corresponding tables of our earlier papers. The thermo-electric force per 
degree on the absolute thermo-electric scale is obtained by adding the 
values of table III of Suppl. N°. 696. 


TABLE III. 


/ 


Thermo-electric force in microvolt per degree against silveralloy-normal. 


Ag Pt 
OK. °C. Pb Sn Ag3) + 0.91 Pt; + 4.0 
at. 0/) Au at. 9/9 Au 
2.0 | =i 1 0.00 0.00 
4.0 269.1 0.00 | —0.01 —0.73 
6.0 AM i\ || (0) 01 0.05 0.74 
8.0 265.1 0.13 0.11 0.55 
10.0 263.1 0.43 0.19 | --0.15 0.27 
isa 260 0.82 0.39 0.21 +0.23 
18.1 255 1.01 0.75 QI || —O, NC 1.05 | +0.03 
8}, 250 1.10 LOH 0.49 0.20 1.92 0.47 
28.1 245 ils es 22 0.63 0.23 Bolle 0.82 
SY}! 240 Ib stl 1.40 0.71 0.27 S565 1.20 
38.1 235 ie 153 0.73 0.30 4.03 11 55) 
43 rol 230 To2lm 91.66 0.71 0.32 4.50 1.85 
55,1 220 | 2 tlt 0.60 0.33 4.98 D5 
63.1 210 123 1.83 0.49 0.33 5.03 BANS 
excl 200 eo 1.88 0.41 0.33 4.80 2.05 
1.94 0.34 0.34 tet 1.81 
1.99 0.29 One 4503 1st 43) 
2.03 0.28 OF35 3.57 1.01 
ZAS 0.21 0738"| —5'.18 
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TABLE IV. 


0 eee ee 


Thermo-electric force in microvolt per degree against silveralloy-normal. 


Cu Cu Cu Cu Cu Cu 
°K, oe +0.004 | +0.03 | +0.075 | +0.10 | + 0.30 | +-0.87 
at. 9/y Fe | at. %/ Fe | at. %/o Fe | at. /o Fe | at. /q Fe | at. °/o Fe 
DOsn 271s am |e 216 —4.85 5.35) | 223.35 
4.0 269.1 5.05 8.65 | 8.75 5.85 
6.0 267.1 6.9 fet 11.0 7055 
8.0 265.1 8.05 12.8 12.6 9.0 
10.0 263.1 8.95 14.1 14.55 12.0 
1331 260 9.55 15.0 15.2 
18.1 255 8.95 15.4 —15.85 | 15.85 
oul 250 8.0 14.95 16.05 | 16.1 
28.1 245 6.9 14.15 15.8 15.95 
33.1 240 5.75 13.15 1D 15.5 
38.1 235 4.6 12e0 14.4 14.95 
43.1 230 3.5 11.05 13.6 14.25 
53.1 220 1.9 8.7 shh 12.85 
63.1 210 1.0 6.75 10.9 11.7 
73.1 200 0.5 ST 9.8 10.65 
83.1 190 0.3 5.05 8.9 9.85 
93.1 180 0.2 4.7 8.1 9.15 
103.1 170 
273.1 +0 1.66 3.98 4.72 


§5. Thermo-couples for temperature measurements at low temperatures. 
From this and the preceding paper (Comm. N°, 217d) one may conclude 
that the dilute alloys of Au with Co or Fe and of Cu with Fe may be used 
as sensible thermo-couples for temperature measurements at low temper- 
atures. The gold-alloys are to be preferred as they are not supersaturated 
at room temperature and hence are obtained in the homogeneous state 
without rapid cooling. As a promising couple we may propose a combination 
of a dilute alloy of Au with Co, say one with about 1 at. % Co, anda dilute 
Ag Au-alloy with about 1 at. % Au. As will be seen from Figs. 1, 5 and 6 
and Tables I and III of Comm. N09, 217d this couple will have high values 
of the thermo-electric force per degree (e) for all temperatures from the ice- 
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point down to the lowest temperature of liquid hydrogen. So it will give in 
microvolt per degree: at + 0° C..about 37, at —180° C. about 34, at 
—220° C. about 28, at —250° C, about 17, and at —255° C, about 14. 
Also at the temperature of liquid helium high values of e may be 
expected if they diminish with the temperature in the same way in the 
system Au-Co as in the system Cu-Fe. As to the proposed silver-alloy it 
appears from the diagram of the absolute thermo-electric force (Eigen 
Comm. N°, 217d), that it may be expected to give rather small thermo- 
electric variations of its own and thus lead to a smooth e, T-curve. Ag is 
to be preferred to Cu or Au as it is easier to get it free from traces of Fe, 
and alloyed Ag is to be preferred to the pure metal also for the reason 
that the thermal conductivity does not increase to unsuitable high values 
at the lowest temperatures, Of course special measurements are necessary 
to find the most suitable concentrations and to confirm the expectations 
as to the usefulness of the thermo-couple also in the liquid helium 
temperatures, 

We are glad to record our thanks to the NOoOBEL-committee for 
physics, who supported our researches by a subvention. 


Summary. 


Thermo-electric forces against a silveralloy-normal were measured down 
to the temperatures which are obtainable with liquid helium, for Pt and 
for alloys of Cu with small quantities of Fe. 

For the last-mentioned alloys the thermo-electric force per degree near 
absolute zero is proportional to T, At increasing temperatures e reaches 
a maximum, after which e decreases. With increasing concentration of Fe 
this maximum is displaced towards higher temperatures. 

As a sensitive thermo-element for the temperature range of liquid 
hydrogen and liquid helium the authors recommend the combination Au 
with about 1 at. % Co against Ag with about 1 at. % Au. 


Astronomy. — Mittlere Lichtkurven von langperiodischen Veranderlichen. 
VI. R Cygni. Von A. A. NIJLAND. 


(Communicated at the meeting of January 30, 1932.) 


Instrumente: S und R. Die Beobachtungen wurden alle auf R reduziert : 
die Reduktion R—S betragt —0™.34. Spektrum Se (Harv. Ann. 79 
S87}; 

Gesamtzahl der hier zu besprechenden Beobachtungen 729 (2416826 
bis 2426648). 

Karte: -HaGEN, Atlas Stell. var. Series III. 

Der Stern B kommt mit den Helligkeiten 6™.48, 6™.39 in Harv. Ann. 74 
vor. Die Stufenskala bezieht sich auf die Grésse 10™.0; der Stufenwert 

3 
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TABELLE I. Vergleichsterne. 


HA 37719 FiAs9S 


ist 0™,102. Die Sterne h bis / wurden viermal an die Sichtbarkeitsgrenze 
von S angeschlossen; fiir k folgt daraus der allerdings nicht sehr genaue 
Wert 11™.60. Der Veranderliche sinkt im Minimum meistens etwa 
o™,.2—0™.4 unter die Helligkeit des Sterns r und also bis nahe an die 
Grenze des Zehnzéllers hinab, und ist dann wegen der Nahe von @ Cygni 
(4™.5) ein sehr schwieriges Objekt. Aus 18 Anschliissen an diese Grenze 
folgt fiir r die Grésse 13™.74. Die Gréssen 10™.90 fiir g aus Harv. Ann, 37 
und 12™,16 fiir q aus Harv. Ann. 29 mussten unberiicksichtigt bleiben. 
Ubrigens ist der Anschluss der Stufenskala an die photometrischen Hellig- 
keiten nicht unbefriedigend. 

Es liegen 101 Schatzungen der Farbe vor, welche aber fiir vier Fiinftel 
aus den Jahren 1905—-1911 stammen. Aus der Tabelle Ila geht hervor, 
dass die Farbe sich im Laufe der Jahre 1905 bis 1931 kaum geandert hat. 


PD 
= [2]° 


+ 48.2914 | lh ey ah Noe 619 | 619 Mb | 6.14 WG+| 6.09 | 6.14 
49,3059 ae | 67.8 | <6.76 | =. | 6-63 G50] 6.68°WG 6. 59mmmmo ree 
BS COTMma| eee. -|) 63.01) = 7.17 |-7.26 K2 | 7.13 G 71801 gee 
Do c0ssen Me 10.5810. 1 757 ees cl ta02 KO ay a 7.66 
50.2844 cee vac =| ECRONes 2 Be 8.03 
49,3051 Sane sea O01 | ee ee ee =a = 8.73 
49.3061 | 10 | 44.15] — is i id re 9.07 
49.3065: w te) | 30a lang 48 (0 Tee = o = 0.53 

i Ae bs = = te, 9.76 
49.3068 | 31 | 32.6 | 10.22 | (10.90)| — * 10.25 
= 330 129120 ee ~ ms eo = 1) 1510.60 
me B6nmy 2679 wie = = 2 ato 84 
ue ch ich = se i = = 1A 46 
= aoe or eee Mi ae e Be aall  E 
a ee Pe rs Bs. af —_f Andes 
= AB \ 17250 ieee RT 1-86 = = =. Paso 
= 56 | 14.65 | 12.04 | 12.29 = st =~ = |a9t0 
= 59) tO moet 12809 fe a = dogg 
ae 64 66 (ed? 16) e120 72 s = Sei 
a 23 O71 tod ea Ra 3B e959 


A. A. NIJLAND: MittLere LICHTKURVEN VON LANGPERIODISCHEN VERANDERLICHEN. VI, R CyGNI. 
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Wie bei R Trianguli ist aber eine Abhangigkeit von der Helligkeit deutlich 
ausgepragt: aus der Tabelle IIb ist ersichtlich, dass der Stern in meiner 
Auffassung bei 7™.6 die geringste Farbung (4°.00) gezeigt hat. Das 
allgemeine Mittel ist 4°.49, 


TABELLEN Ila und IIb. Farbenschatzung. 


Zeca m Farbe Grésse | m Farbe 
241 c m c 
6948 —7366 18 Bobs 6.76 13 4.50 
7382—7788 18 4.08 7 oil 12 4.29 
19 a==8255 18 5450 7.30 13 4.02 
8265—9066 18 5 7.67 12 4.00 
9301-0760 18 Bi 1/5) 8.07 13 4.12 
1063—5321 11 42 1/8) 6.45) 12 74.3) 
“101 459) OPH 13 5.04 
9.87 13 5.65 
‘tor | 4.49 


Die Figur 1 enthalt die Beobachtungen, alle auf R reduziert. Die Reihe 
der Abweichungen (Beobachtung minus Kurve) zeigt 268 Plus-, 256 
Minuszeichen, 205 Nullwerte, 266 Zeichenfolgen, 257 Zeichenwechsel. 
Ein Einfluss des Mondscheines auf die Helligkeitsschatzung ist nicht be- 
merkbar. Es verteilen sich auf 213 bei Mondschein angestellte Beobach- 
tungen die Abweichungen wie folgt: 78 Plus-, 72 Minuszeichen, 63 
Nullwerte. 

Die Tabelle III enthalt die aus der Kurve abygelesenen Epochen der 
Minima m und der Maxima M, nebst der Vergleichung mit den einfachen 
Elementen : 


24217694 + 4234 EF (fiir die Minima) 
und 2421922 + 423 E (fiir die Maxima). 


Aus den Spalten B—R geht hervor, dass die Periode von R Cygni 
fiir den hier betrachteten Zeitraum in Zunahme begriffen ist. Aus einer 
graphischen Lésung folgen die Elemente F: 


24217534 + 4234 F + 04.42 E? (fiir die Minima) 
und 2421906 + 423 E+ 0.42 EF? (fiir die Maxima). 


Obgleich die Beriicksichtigung des quadratischen Gliedes die Quadrat- 
summen der Abweichungen, fiir die Minima und die Maxima zusammen, 
von 13869 auf 8243 herabdriickt, halte ich die hier angedeutete sakulare 
Veranderung der Periode nicht fiir reell, und ich wiirde jedenfalls ein 

3% 
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TABELLE IIl. 


+10 


Minima m Maxima M 

B v R B= Rea ee es B v R |B—R| B—F 

es ieee ais (ememes eeey lare yy 8 (ee re NOE i) ce 

7129 13.9 7116 4-13 i) 7268 1 9 7269) |e ees 6 
7558 NBS oss +19 = 7 7719 fal 7692 | +27}+ 1 
7981 13.8 7962 ~++ 19 + 1 8129 Woe) 8115 | +14 | — 4 
8385 S54 8385 0) == }Ni) 8527 6.8 853880 22 
8809 14.0 8808 + 1 =o 8984 8.1 8961 | +23 | +18 
9235 Sid 9231 + 4 + 5 9366 652 938 4a Sie 
9657 | 13.8 | 9654 | +3 | +9 || 9819 | 7.3 | 9807 | +12 | +18 
0064 S303 0077 aN} ee 0213 6.8 0230) ==17 |e —28 
0485 Sh 7/ 0500 —15 =s 3 0644 hal 0653 | —9}|-+ 3 
0904 ea: 0923 =aiY a= 5 1058 6. 10767) = 844 
1328 1S},8) 1346 —18 ay) 1485 Hl 1499 | —14; + 2 
1753 13.9 1769 = 16 0 1899 Gn 1922502235 eae 
2189 14.0 2192 a +13 2347 8.0 2345 | + 2 | +18 
2600 14.0 2615 S15 al 2739 6.9 PHA So\ || 378) || als) 
3030 MW iate) 3038 = i + 4 3196 Al 3191 | + 5 | +17 
3430 WG} 7/ 3461 —3] 2/9) 3592 6.8 Stee 9) |) 115) 
3879 2,0) 3884 = 5 ad alt 2033 Doll BEY/ |) = se || Sy 
4296 1350 4307 hil marl) | 4461 6.9 4460 | + 1) + 2 
4719 Nh 4730 ==) == ING) | 4897 70 4883 | +14/+ 9 
5159 13.8 2) ays} + 6 == 5 5315 0 5306 | + 9 | — 2 
5600 13.9 5576 +24 + 6 5763 He) 5729 | +34 ; +16 
6030 13),6 5999 +31 + 5 6167 U5) (Mey) | Seley | —ihl 

6467 a0) 6422 +-45 +10 = 
13.80 a= of Tt Ae? +12 


periodisches Glied vorziehen, PRAGER’s Katalog fiir 1932 gibt den Perio- 
denwert 4284.4 und das aus sdmtlichen von mir seit d. J. 1905 in den 
Astr. Nachr, mitgeteilten Epochen der Minima und Maxima abgeleitete 
allgemeine Mittel ist 4234.8. Meine Beobachtungen deuten jedenfalls auf 


yee: See Rae 
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eine viel starkere Variabilitat der Periode als wie es nach den fiir den 
Zeitraum 1852—1915 geltenden Angaben der G. und L. Il S. 210 zu 
erwarten ware. Auch bei diesem Stern geniigen offenbar die sich nunmehr 
iiber 80 Jahre erstreckenden Beobachtungen keineswegs, um das wahre 
Gesetz des Lichtwechsels an den Tag treten zu lassen. 

Die extremen Werte des Lichtwechsels sind : 


Minimum: v = 13™.80 + 07.32 ? 


Maximum: v= 7.12+ 0.98 \ (m.F.) 


Die Amplitude betragt somit 6™. 68. 

Es wurde wieder der mittlere Verlauf der Lichtkurve in der Nahe der 
beiden Hauptphasen durch Ablesung der Helligkeit fiir je 104 abgeleitet. 
Die beiden Teilkurven schliessen sich vorziiglich an einander an (s. die — 


Fig. 2) und geben zusammen den Verlauf der mittleren Kurve B 


(Tabelle IV). 

Wie bei S Ursae Majoris, bekommt man auch bei R Cygni den starken 
Eindruck, dass der natiirliche Verlauf der Aufhellung oft durch einen 
hemmenden Prozess gestért wird, der das Maximum niedriger erscheinen 
lasst, als erwartet werden konnte. 

Die Stérung macht sich besonders im Anfang des Abstiegs bemerkbar 
(s, die Maxima 2416847, 7268, 9366, 9819, 2420213, 0644, 1485, 3592 und 
5315), flacht aber auch mitunter das Maximum ab (2418984, 2422347, 
5763, 6167) oder setzt schon vor dem Maximum ein (2421058, 2739, 3592). 


34 | 
Mittlere Kurve 
| R Cygni 
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TABELLE IV. Die mittlere Kurve. 


Phase v Phase v Phase v Phase | v 

120 | 10-75 5 | 30°30 || +120 | 7°83 || +240 | 8°83 
Eif0 | 11-2) || 10 13.77, |) e130 alon745enfne-250 c1meor06 
100 | 11.65 |} + 20 | 13.67 || 4140 | 7.24 || +260 | 9.29 
— #90 [219/06 || 4-30 | 13648 "| +150 107.130 || 2701 mons 
_.80 | 12.43.|| 4.40 | 13.47 J] 160° | 7.13 | +280 |°59180 
_ 70'| 12.76 || +50 | 12.68 || +170 | 7.26 |] +290 | 10.19 


— 60 | 13.04 || + 60 | 12.04 || +180 | 7.44 |] +300 | 10.62 
BP she) 13728. ||9 42170. 111 24° tet90 may 
ee 40)) 013147 Wl) et 80a! 10539 ail = 200m i ao0 
— 30+ | "13.62 || 490°] 9.58 })- 4210918 

=F 70M 132734| F100) lee S284: 20 wees aor 


— 10 13.79 +110 8.28 +230 8.60 | 
. | 


Die mittlere Kurve ist von dieser Stérung in analoger Weise beeinflusst 
worden, wie es s.Z. bei S Ursae Majoris gefunden wurde, mit diesem 
Unterschiede, dass die Kurve dort beim Aufstieg etwas gerader gestreckt 
wurde, hier aber, wo die Stérung spater auftritt, beim Abstieg. Beide Sterne 
haben das Spektrum Se. Ich habe, wie bei S Ursae Majoris, auch jetzt die 
Arbeitshypothese aufgestellt, dass samtliche Maxima einer Stérung unter- 
liegen, und den ungestérten Verlauf so zu ziehen mich bemiiht, dass die 
ungestérte Kurve der wirklich beobachteten sowohl im Auf- wie auch im 
Abstieg gut anschmiegt. Das konnte immer zwanglos geschehen. Natiirlich 
ist eine gewisse Willkiir nicht zu vermeiden, und es bleibt auch hier 
‘namentlich die Héhe der neuen Kurve etwas unsicher; die Epochen der 
,ungestérten” Maxima kénnen aber als ziemlich gut verbiirgt gelten. Die 
Tabelle V enthalt eine Zusammenstellung dieser ungestérten Maxima nebst 
einer Vergleichung mit den Elementen: 


R: 24219284 + 4234 F 
und F:; 2421912 + 423 E+ 04.42 F?. 


Das grésste Licht wird jetzt im Mittel 5".79 + 0™.113 (m.F,). 


Auch die mittlere Kurve A des ungestérten Maximums schliesst sich der 
Kurve des Minimums wieder gut an (Fig. 2). Fiir die Schiefe der unge- 
stérten Kurve findet man 


M—m _ 


Daas 0=,38. 


By) 


TABELLE V. Ungestérte Maxima. 


Pale SMe eR Bap | BOR |p Bb | BD |) cea Gee Wh geal vemers 
ag dll a 
12 | 6847 | 5.9 | 68521 — 5 | 49 3 | ifn) BD ee 
Sie 2846.01 7275 | 91-226 || 1 | 2354) 6.6 | 2351 | +. 3 | 419 
—10 | 7720 | 6.0°|'7698 | +22 | — 4° || 42 | 2743 | 5.8. 2774 | —31 | 17 
By onesi3o soot 8121/18 1.0} 43,1 3197 | 6.3-| 3197.1, 0. | 4-12 
mr 5 7168524 5.601 85441) 204) 31-1 1 4.|) 3596 |..5,0 | 620: 24 | 45 
BaeS990519 6479 8967, 23h ia ll 5 | 4035 | 6.5 | 4043 | = 8 | 29 
Bere | 9982 (498 .}0039081= 8 | 7 || 6 | 4477 | 5.4 |) 4466. | +11) 412 
meee osi4 see cata] ey |e yi) ct 7 1140031 5.6 (84889) 114 | + 9 
— 4] 0237 | 5.1 | 0236 | +1] +10 || 48] 5327] 5.8 | 5312 | tas | 44 
— 3] 0652] 5.6 | 0659; —7]} +5 || +9] 5759| 6.0 | 5735 | +24] + 6 
S71 1053141911 1082 | 29. 15. || +107 6180 | 6.0 | 6158-| +22 | — 4 
Bae 48) 6 4 el 1505:/2.7 | 9 5.79 | +413 


Schliesslich wurde die Differenzkurve C—A-— B gebildet, welche sich 
nahezu symmetrisch gestaltet. Mit ganz geringfiigigen Abanderungen des 
jeweiligen ungestérten Verlaufs ware die Differenzkurve vollig symme- 
trisch ausgefallen: s. die gestrichelte Kurve. Die Verfinsterung, deren 
Minimum, zu 1™.46, auf 2421930 fallt, 184 nach dem (ungestérten) Maxi- 
mum, beraubt den Stern von 74 % seines Lichtes. 


Zusammenfassung. 


Aus 729 in den Jahren 1904 bis 1931 (2416826 bis 2426648) angestellten 
Beobachtungen von R Cygni sind die folgenden Elemente des Lichtwechsels 
abgeleitet worden : 

Minimum: 2421753" | 4934 F 4 0 42 B2. 137.80 
Maximum: 2421906 § Voupieae 
Amplitude = 6 .68 


Der Stern scheint bei der Aufhellung eine Verdunkelung von 1'.46 zu 
erfahren, deren Minimum auf 2421930 fallt. 


Utrecht, Januar 1932. 


Chemistry. — GRINER’s divinylglycol. By P. VAN ROMBURGH and W. VAN 
HASSELT. 


(Communicated at the meeting of January 30, 1932.) 


GRINER*) has obtained divinylglycol by the reduction of acrolein dis- 
solved in diluted acetic acid with zinc covered with a film of copper. An 
examination of the formula of this compound, 


CH, = CH — CH — CH — CH = CH, 
OH OH 
will show that it contains two identical asymmetric carbon atoms. 

The existence of two inactive forms, viz. one racemic and the other by 
internal compensation, is therefore possible. In order to decide which 
form is represented by GRINER’s glycol, LE BEL tried to obtain an 
active form by growing moulds in a diluted solution of this glycol, but 
without success. The solution after the experiment was inactive. GRINER 
concluded therefore that his compound represents the inactive form by 
internal compensation. 


The glycol combines directly with two molecules of bromine, forming 
a tetrabromide: 


CH,Br — CHBr — CH — CH — CHBr — CH,Br 
OH OH 
occurring in two forms, melting, according to GRINER, resp. at 96° 
and 174°. 

In fact the i-divinylglycol may give three inactive tetrabromides viz. 
one racemic form and two by internal compensation. 

If the above mentioned conclusion of GRINER, concerning the configu- 
ration of his glycol, is right, the elimination of the bromine from the two 
different tetrabromides might be expected to result in the recovering of 
the original i-glycol, which, of course, on combining with bromine would 
again produce a mixture of both the tetrabromides mentioned above. 

If, on the other hand, the original glycol should be a mixture of two 
isomerides, it would be possible to isolate them. 

Many years ago one of the authors (v. R.) made preliminary experi- 
ments in order to solve this question. 

The tetrabromide (m.p. 174°) was refluxed in absolute ethyl alcohol with 
zinc dust and the recovered glycol (which we denote by A) without 


') Ann. de Chim. [6] 26, 367 (1892). 
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further purification was treated with bromine according to GRINER’s me- 
thod. The tetrabromide obtained in this reaction had an identical melting 
point with that of the original bromide. A proof of the presence of the 
isomeride melting at 96° could not be obtained. 

It seemed interesting to us first to subject the lower melting tetrabro- 
mide to the same reaction, and to isolate the glycols derived from both the 
isomerides. 

The experiments showed, that the glycol (denoted by B) derived from 
the bromide (m.p. 96°) yielded on bromination a tetrabromide with the 
same melting point without formation of the bromide melting at 174°. 

On examination, the two glycols (A) and (B), obtained by elimination 
of the bromine, appeared to be quite different. The bromide (m.p. 174°) 
yielded a glycol (A) which solidified at 10°, the other (B) on the con- 
trary, at — 40°. The physical constants moreover were quite different. 

Presumably they represent resp. the racemic and the inactive form of 
divinylglycol, unless there have been intermolecular rearrangements. 


Experimental. 


Preparation of the glycol A. 


A solution of 25 grams of the tetrabromide (m.p. 174°) in 150 c.c. of 
absolute ethyl alcohol treated with 30 grams of zinc dust was refluxed for 
six hours. The reaction mixture was filtered and the alcohol distilled under 
diminished pressure. Water was added to the residue and the mixture 
treated with sodium carbonate and filtered. The filtrate was extracted 
with ether. After removal of the ether there remained about 6 grams of the 
glycol A formed in the reaction. 


Addition of bromine to glycol A. 


In a two-necked flask, cooled with a mixture of ice and salt and equip- 
ped with a mechanical stirrer, the crude glycol, dissolved in 50 c.c. of 
chloroform, was placed and the stirrer started. Drop by drop bromine was 
added till the absorption of the bromine stopped. A crystalline white mass 
separated which was filtered off and dried (weight about 15 grams). The 
melting point of the crude product was 150°. It was washed with benzene 
and recrystallised from that solvent. The pure product melted at 172°. 

A tetrabromide with the lower melting point (96°) could not be sepa- 


rated. 


Preparation of the glycol B. 

Using the same technique, 15 grams of the tetrabromide (m.p. 96°) were 
treated with zinc dust. The glycol B formed in this reaction, was dissolved 
in chloroform and treated with bromine in the manner as described above. 

The behaviour of this glycol was quite different from that of glycol A. 
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The chloroform solution did not depose any crystals till the end of the 
reaction and they only gradually appeared after standing for some time. 
The melting point of this tetrabromide was 74° and on further recrystallis- 
ation 96°. 
The tetrabromide melting at 174° could not be demonstrated. 
Samples of the glycols A and B were subjected to fractional destillation. 
The main fraction showed the following constants : 


Glycol A Glycol B 
B.P.5=" 125° 125° 
diem leO27, 1.016 
nis 1.4822 1.4775 
MRp 31.66 31.73.) CalcsforG.Hi,On2 32. 
MiPeat 2131088 % = 40° | 


A further investigation of the glycol is to follow. 


Chemistry. -— Osmosis in systems consisting of water and tartaric acid. I. 
By F. A. H. SCHREINEMAKERS and J. P. WERRE. 


(Communicated at the meeting of January 30, 1932.) 


Introduction. 


We imagine the composition of a liquid, containing the substances 
W (water) and X, represented in the well-known way by a point a of 
the line WX (figs. 1 and 2). If we bring an invariant membrane‘), 
absorbing both substances, into this liquid a, then it will get a definite 
W- and X-amount, which we represent by the length of the line aa’ and 
aa” (fig. 1). If we give all compositions, beginning with pure W (water) 
and ending with the pure substance X, to this liquid a, then point a’ will 
proceed along a curve W’a’X and point a” along a curve Wa’X’, which 
curves we call the W- and X-curves of the membrane. 

We may divide these absorption-diagrams into four groups, depending 
on the W- and X-curves having a maximum yes or no [figs. 1—4 of these 
Proceedings 32, 837 (1929)]. 

I. - Neither of the two curves has a maximum (fig. 1 lc.). 
II. Only the W-curve has a maximum (fig. 2 lc.). 

II. Only the X-curve has a maximum (fig. 3 Lc.). 

IV. Both curves have a maximum (fig. 4'Lc.). 

In fig. 1 of this communication we find a diagram I, in fig. 2 a 
diagram II; in the last case, however, only the W-curve has been drawn. 
the X-curve, not drawn, has a shape as given in fig. 1. 


1) F. A, H. SCHREINEMAKERS, Rec.-Trav. Chim. des Pays-Bas, 50, 883 (1931). 
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We now shall say that an osmotic system belongs to type I (II, III 
or IV), when we are able to describe and deduce its osmosis with the aid 


of the sluice D.T. of diagram I (II, III or IV). 


Of course it does not follow from the above that the membrane of an 
osmotic system, belonging e.g. to type I, will now also have a W- and 
an X-curve as in diagram |; this is possible, indeed, but not necessary1!). 

We may attach also quite another meaning to the W~- and X-curve of 
these diagrams, in which case we no longer pay attention to the absorption 
by the membrane and consequently not to its sluice D.T. either. 


Fig. 2: 


To every liquid of the line WX namely belongs a point of the W- and 
a point of the X-curve; we shall call these points the W- and X-point of 
this liquid; e.g. to liquid a (fig. 1) belong the W-point a’ and the X-point 
a”, to liquid b the W-point b’ and the X-point b”. As aa’ > bb’ we shall 
say that liquid a has a higher W-point than liquid 6; as aa” < bb” we 
shall say that liquid a has a lower X-point than liquid b, Besides we shall 
also say now: 

a diagram represents the osmosis of a system schematically, when the 
phenomena occurring with the osmosis can be described qualitatively and 
deduced with the aid of the rule: 


1) F, A. H. SCHREINEMAKERS, l.c. 


at 


the water (the substance X) diffuses from the liquid with the higher 
towards the liquid with the lower W-point (X-point); when the W-points 
(X-points) of two liquids are situated at the same height, no water (X) 
diffuses. 

Here also we shall say now: 

an osmotic system belongs to type I (II, HI or IV) when we are able 
to describe its osmosis with the aid of diagram I (II, II or IV). 

The W-and X-curves of the diagrams have now been given a meaning 
which is no longer connected with the absorption by the membrane; it 
also enables us, however, to get a clearer view of the phenomena occur- 
ring with the osmosis. 


We now take an osmotic system 


L(W + tartaric acid) | L’(W + tartaric acid) . . . (I) 


in which the liquids consist of water and tartaric acid. The phenomena 
which may occur with the osmosis in this system, depend not only upon 
the concentration of the two liquids, but also upon the nature of the 
membrane, It appeared namely from our experimental investigation : 

1. if we bring a membrane of cellophane into system (1), the system 
belongs to type I; 

2. if we bring a membrane of pig's bladder into system (1), the system 
belongs to type II. 

If in figs 1 and 2 we represent the solution, saturated with solid tartaric 
acid by point q, then only the parts of the W- and X-curves, situated on 
the left side of the line qq’, represent stable states; the stable part W’q’ 
of the W-curve has been fully drawn in both figures; the metastable part 
q’X shown in a dotted line, may henceforth be left out of consideration. 


Systems with a membrane of cellophane. Type I, fig. 1. 


We now take the osmotic system 
EW AR CX) Eo (Wi XS) ee 2) 


in which the tartaric acid has been represented by X; for the sake of 
concentration we shall in this and in the following systems place the liquid 
with the smaller X-amount on the left side and consequently a with the 
larger X-amount on the right side of the membrane. 

If in figs. 1 and 2 we represent these liquids by points of the line WX, 
then L will consequently always be situated on the left side of L’. 

If we bring a membrane of cellophane into this system, then, as we 
shall see later on, we are able to deduce and describe all phenomena, 
found with the osmosis in this system, with the aid of fig. 1; consequently 
this system belongs to type I. 


ce) 


We now imagine the liquids L and L’ of this system represented in 
fig. 1 by the points a and b. As aa’ > bb’, it follows that liquid L has a 
higher W-point than liquid L’; we indicate this by w> w’. As aa” < bb”, 
it follows that liquid L has a lower X-point than L’; we represent this by 
x <x’, Now we shall represent (2a) by: 


lw>w’ 
L(W+x) Vo" L(W+X)t ms 


As is apparent from fig. 1, this obtains not only for the liquids a and b, 
but for any liquid L and L’, provided that, as has been assumed above, 
liquid Z has a smaller W-amount than liquid L’. 

As the water diffuses from a liquid with the higher-towards a liquid 
with the lower W-point, the water must consequently always flow through 
the membrane —. As the substance X also flows from a liquid with the 
higher-towards a liquid with the lower X-point, the substance X must 
consequently always diffuse <—. So the water and the substance X will 
always diffuse according to the arrows in (25). 

Consequently the water always diffuses from the liquid with the greater 
towards the liquid with the smaller W-amount; the substance X (viz. 
the tartaric acid) diffuses from the liquid with the greater towards the 
liquid with the smaller X-amount; consequently the two substances here 
diffuse congruently and positively. In our next communication we shall 
show that the water can also diffuse incongruently and negatively, when 
the cellophane is replaced by a pig’s bladder. 


Systems in which the left-side liquid is invariant. 


As a special case of (2a) or (2b) we first consider the system 


inv. (Water) | L’'(W+ X)) (3) 


<xX ~W \ 
in which on the left side of the membrane we have pure water, which 
during the entire osmosis is renewed continuously or at short intervals, 
so that we may practically consider the state on the left side of the 
membrane as invariant. 
It appears from the arrows that the water will now always diffuse > 
namely from the pure water towards the solution; the tartaric acid 
diffuses < namely from the solution towards the pure water. 


We now take first an osmotic system, in which at the beginning of 
the osmosis the variable liquid L’ of system (3) contains in procents 
of weight : 

43.213 °/,) W + 56.787 °/, tartaric acid 
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we represent this system by: 
inv. (Water) | L’ (56.187 °/ xX) = (4) 


The data for this system are found in table A. In the first column we 
find the numbers of the successive determinations, in the second column 
the time, namely the number of hours passed after the beginning of the 
osmosis; in the third column we find the composition of the invariant 
liquid L, consisting of pure water during the entire osmosis and having, 
therefore, an X-amount = 0 % ; in the last column we find the X-amount 
of the variable liquid L’. 

In the fourth column we find sub X the number of grams of X and in the 
fifth column sub W the number of grams of water, which have passed through 
the membrane between two successive determinations; the arrows indicate 
the direction, in which these quantities have diffused. We see that these 
directions correspond with those of the arrows in system (3). 

It appears from Nos 1 and 2 that the X-amount of the variable liquid 
L’ had after 6 hours decreased from 56.787 to 52.229 % and that at this 
time 2.975 gr. of X had diffused towards the left and 18.020 gr. of water 
towards the right. 

It appears from N°, 3 that the X-amount of the variable liquid had after 
the beginning of the osmosis decreased to 46.395 % in 15 hours; it follows 


TABLE A. System (4). 


O/y X of the Diffused 0/) X of the 


NO, f , 
inv. liq. L a oe a var. lig. L’ 
1 0 0 56.787 
<_ —> 
2 6 2.975 18.020 52.229 
3 15 4.508 26. 380 46 . 395 
4 24 4.256 23.242 41.895 
5 36 4.942 27.061 37.321 
48 5.444 25.213 33.421 
je Gs 6.678 31.806 29.132 


from Nos 2 and 3 together that between these two determinations 
(consequently in 15 —-6=-9 hours) 4.508 gr. of X had diffused towards 
the left and 26.380 gr. of water towards the right. 

From this follows also that in 15 hours counting from the beginning of 
the osmosis 


2.975 + 4.508 = 7.483 gr. X (tartaric acid) 


a7, 


in all had diffused towards the left and 


18.020 + 26.380 = 44.400 gr. W (Water) 


in all towards the right. 

It follows from the last determination N°. 7 that the X-amount of the 
variable liquid L’ had decreased to 29.132 % in 65 hours counting from 
the beginning of the osmosis; we find that now 28.803 gr. of X in all 
had diffused towards the left and 151.722 gr. of W towards the right. 


As is shown by table A, the osmosis of system (4) stopped, when the 
variable liquid L’ still contained 29.132 % of tartaric acid; in order to 
become acquainted with the subsequent course of the osmosis, we now 
take the system 


tet Marea) JERE Lophe ee 2k me ee Bt Pe a G)) 


in which at the beginning of the osmosis the variable liquid contains 


65.372 °/, W + 34.628 °/, tartaric acid. 


From the determinations!), which were carried on until the variable 
liquid contained only 0.008 % of X, it now appears that also during this 
entire osmosis the substance X and the water diffuse according to the 
arrows of system (3). 

From this table (l.c.) it appears among other things that the X-amount 
of the variable liquid had decreased to 31.576 % in 9 hours counting from 
the beginning of the osmosis and that then 4.726 gr. of X had diffused 
towards the left and 19.082 gr. of water towards the right. 

In 160 hours the X-amount of the variable liquid had decreased to 
7.978 %, then 51.923 gr. of X had diffused towards the left and 
197.645 gr. of water towards the right. 

In 1053 hours the X-amount of the variable liquid decreased to 0.008 % 
and 73.801 gr. of X had in all diffused towards the left and 311.062 gr. 
of W towards the right. 


We now take the osmotic system 
inv. (Water)| L’,(W+X)+solidX . . . . . (6) 


in which the right side liquid has been saturated with solid tartaric acid ; 
in fig. 1, therefore, it is represented by the point q. 

As for this system the arrows of system (2b) or (3) obtain also, the 
liquid L’ will give off the substance X and take in water; so in this 


1) J. P. WERRE. Diss. Leiden 1931, table VI, pag. 33; this table in which 22 
determinations occur and in which the tartaric acid has been indicated by Z, has 
practically been arranged in a similar way as that of table A. 
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system two factors cooperate to cause the disappearance of the solid 
substance X: as soon as all the solid substance has disappeared, this 
system passes into system (3). 

If in system (6) we omit the liquid, we get a system 


inv.(Water)| solid tartaric acid . . . . . . (7) 


Let us now imagine that at a certain moment a very small quantity of 
water diffuses, then on the right side some saturated solution will form. 
As system (7) then passes into (6), the water-diffusion will now, as 
we saw before, continue towards the right and the substance X will 
diffuse towards the left. From this it follows, as we have also learned 
experimentally, that the solid tartaric acid in system (7) will deliquesce 
and dissolve. 


Systems in which the right side liquid is invariant. 


As an other special case of system (2a) or (2b) we now take a system 


L (beg. Water) | inv. L’'(W-+ X), 


pe Gy: (8) 


in which an invariant liquid is found this time on the right side of the 
membrane. On the left side of the membrane is a variable liquid L, 
consisting at the beginning of the osmosis of pure water. In order to 
determine the osmosis in such a system (8), we took the system: 


L (beg. Water) | inv. L',(W+ X)+solidX . . . (9) 


in which the liquid L’ is saturated with solid X; if we take care that a 
large quantity of solid tartaric acid is present all the time, then liquid 
L’ will be practically invariant. This liquid represented in fig. 1 by point 
g contains 


+ 42.5 °/) of W and + 57.5 °/, of tartaric acid. 


We now represent this system by: 


I (beg. ¢ Water) i invest. (57-500 x) a (10) 


The data, concerning the osmosis in this system are found in table B 
which has been arranged in a similar way as that of table A; the liquid 
L (third column) now is variable, however, and the liquid L’ (last column) 
invariant. 


It appears from the arrows of this table B that the substance X and the 
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TABLE B. System (10). 
 ————— 


<A : 0% X of the Diffused Wa xX vorithe 
var. liq. L ‘Be gr. W inv. liq. L’ 
cece ll a rca a a 
1 0 0 ae SYS) 
— = 
2 3 0.425 1.611 8.122 
3 8 1.145 2 BSS) 13.431 
a 16 Ps 3.745 18.115 
5 28 5.089 6.762 33.468 
6 40 7.651 5), seo) 26.498 
7 49 8.684 2.988 16.361 
8 73 Oe WL0) 8.620 47 951 
gy) 93 15.149 5.929 34.101 
10 111 17.633 4.148 BG SY 
11 131 21.240 5.075 30.348 
12 164 28.858 U OS? 50.958 
13 204 37.301 Hoa) 41.170 
14 248 40.325 2.391 1s Sv] 
15 291 435020 eee 2.464 24.156 
16 362 46.219 1.600 26.508 
17 457 49.853 1.811 26.083 
18 625 52.998 0.050 Ziel 
19 888 55.631 1.632 Apo ile2 


water diffuse also in this system during the entire osmosis in the way 
indicated by the arrows in system (25). 

From this table B it besides appears among other things that the 
X-amount of the variable liquid L, consisting of pure water at the 
beginning of the osmosis, had increased to 0.425 % after 3 hours and 
that then 1.611 gr. of X had diffused towards the left and 8.122 gr. of 
water towards the right. 

After 111 hours the X-amount of the variable liquid had increased to 
17.633 % and 41.603 gr. of X had diffused towards the left and 222.624 gr. 
of water towards the right. 

After 888 hours the X-amount of the variable liquid had increased to 
55.631 % and had consequently almost come up to that of the saturated 

4 

Proceedings Royal Acad. Amsterdam. Vol. XXXV, 1932. 
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solution L’; then 68.373 gr. of X had gone towards the left and 486.047 gr. 
of water towards the right. 


The diffusing mixture. 


Above we have seen that in system (2a) or (2b) and in all systems 
deduced from them the substance X and the water diffuse during the 
entire osmosis in the way indicated by the arrows in (2b). We now 
represent this by 


<—a.X —y Wek as ee ee) 


in which a and y indicate the small quantities of X and W, flowing 
through the membrane between the moments ¢ and t-+ df. It appears from 
the tables A, B and VI (l.c.) that during the entire osmosis a<y, 

So in this time dt the quantity of the left side liquid L decreases with 
a positive quantity y—a and that of the right side liquid L’ increases with 
the same quantity y—a. From this follows that we now may say also: 
liquid L gives off and liquid L’ takes in y—a quantities of a mixture with 
the composition : 


Xo & +e (ly) We ee 
in which 
aay Be Wee ee 
Xo — y—a and 1 Xo =—= y—a 5 B . 4 5 . (13) 


so that xo is negative and consequently 1—xp positive, and larger than 1; 
before!) we have called this mixture the diffusing mixture. 

We can also represent the composition of this diffusing mixture by a 
point d, not drawn in fig. 1, of the line WX. As, however, this mixture 
is not a liquid existing in reality (this mixture namely has a negative 
X-amount and a W-amount larger than 1), this point will of course not 
be situated between the points W and X; it is easy to find that this point 
d must be situated to the left of point W, namely somewhere on the 
prolongation of line WX. The length of line dW then represents the 
negative X-amount and the length of line dX the positive W-amount of 
this mixture. 


Later on we shall refer again to the diffusing mixture and its movement 
during the osmosis. 


(To be continued.) 
Leiden, Lab. of Inorg. Chemistry. 


1) F. A. H. SCHREINEMAKERS. Verslagen K. Ak. v. W., 36, 1103 (1927). These 
Proceedings 30, 1095 (1927). 


Mathematics. — Tafel der primitiven gleichschenkligen Dreiecke mit 
rationalen Winkelhalbierenden und mit Schenkeln kleiner als 
160000. Von J. G. VAN DER CorPUT. 


(Communicated at the meeting of January 30, 1932.) 


Ein Dreieck heisst primitiv, wenn die Langen der Seiten ganze Zahlen 
mit einem gréssten gemeinsamen Teiler gleich 1 sind. In einer vorigen 
Mitteilung 1) habe ich bewiesen : 

Bezeichnen m und n zwei natiirliche, teilerfremde Zahlen verschiedener 
Paritat mit m>n, so ist das gleichschenklige Dreieck A BC mit den Seiten 


a=b=(m*?+ nn’? und c=+ 2 (m* — 2mn — n?) (m? + 2mn — n’) 


ein primitives Dreieck mit rationalen Winkelhalbierenden, und auf diese 
Art findet man alle gleichschenkligen primitiven Dreiecke mit rationalen 
Winkelhalbierenden. 

Da 63 verschiedene Paare natiirlicher teilerfremder Zahlen m und n 
verschiedener Paritat mit m=>n und m?-+ n2< 400 existieren, gibt es 
63 verschiedene primitive gleichschenklige Dreiecke mit rationalen Winkel- 
halbierenden und mit Schenkeln < 160000. Diese Dreiecke D;, Do,..., Dez 
(mach der Grésse des Schenkels geordnet) sind in der folgenden 
Tafel aufgenommen ; hierin bezeichnet a den Schenkel, c die Basis, h die 
Hohe und A den Basiswinkel des Dreieckes. Zum Beispiel D, ist das 
primitive gleichschenklige Dreieck mit den Seiten 25. 25, 14 und mit der 
Hohe 24.124; in diesem Dreieck haben die inneren bezw. dusseren 
Halbierenden der Basiswinkel die Langen 


Die 2 Oe) el 
Fok are 5 45 0 
bezw. 
PIES ns py OOS EY 
(ea eee 8145 | | 


Bezeichnet gD, (v—1, 2,..., 63), wo q eine positive Zahl ist, das 
Dreieck, dessen Seiten q-mal so gross sind wie die Seiten von D,, dann 
haben die zwei Dreiecke 5D, und D, dieselbe Hohe 5.24. Werden diese 
zwei Dreiecke so aufeinander gelegt, dass diese Héhen zusammenfallen, 
dann entstehen zwei neue Dreiecke, die ich mit D, +5 D, bezeichnen 
werde, mit den Seiten 169, 120 und 119 + 35 und mit rationalen Winkel- 


1) Diese Proceedings, 34, S. 1390. 
4* 
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TAFEL 
| | 2 | Vas VA Vogh tg3/4A Va] tec | Yak | wisa |Vaco'nalVa sin ta Va sin 3/.A 
1 7 1 5 7 1 thers) 4 3 
2 3 2 13 119 5 hes} 12 5 
3 4 1 17 161 Id, -3) Il Ge 15 8 
4 4 5 25 527 25 Uf jy ES if 
5 5 2 29 41 5 7 7) 3.5) 21 20 
6 6 ] 37 1081 eh Ne 35 174 
7 5 Se 41 1519 Bs Bo 5 1:9 40 9 
8 7 2 53 1241 Bo. DoH 22 Tf a5 28 
9 6 5 61 3479 So. 1 Hh 301 60 131 
10 7 4 65 2047 Coe fe UI Sp 1B! 56 33 
11 8 1 65 3713 Ihe, B},, Uf 1-73 63 16 
12 8 3 73 721 IB Sey. Wl Sots 55 48 
13 9 2 85 | 4633 Bes Ms iil 2:9 77 36 
14 7 6 85 6887 (ees ois} 84 3 
15 8 5 89 4879 yas a Os) Sho 1s 80 39 
16 9 4 97 959 74. Sis De ANG) 13 72 65 
17 10 1 101 9401 Sho Bs 1 1;10 99 20 
18 10 3 109 4681 Jo 18} 3:10 91 60 
19 8 7 113 12319 22 Sia, | eis 112 15 
20 1] 2 125 11753 She As ANS} Deel 117 44 
21 11 4 137 3281 Pes Se Ta Ml Zee TM 105 88 
22 12 1 145 19873 Pee Abe AB} ko 143 24 
23 9 8 145 20447 The, 63, NZ lg U/ 144 17 
24 10 i! 149 16999 Siew Hae Lid Sa ly 140 51 
25 11 6 157 10199 bm hls SS i/ 132 85 
26 12 5) 169 239 Phe, 5M colle i 3 MU 120 119 
PH tS 2 173 24521 Ne Wal, Ns} 723 313} 165 oy! 
28 10 9 181 32039 3 Soul ee Ne) 180 19 
29 13 Be 185 WISE 19), 3 1 AES 153 104 
30 11 8 185 27727 22.11. 19 3:19 176 57 
31 12 7 . 193 ME) | Wx 7, IO 5:19 168 95 
SY) i) Mee 1 197 37241 Defen lS Toilet | 195 28 


TAFEL (Fortsetzung). 
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| m | n | Va} Yee "og h tg'i4A iz cos'/2A|Va sin 1/2 A 
33 13 6 205 6647 Ho Nee WS 7:19 156 133 
34 14 3} 205 27913 fhe AW, Le Shu Nee 187 84 
35 14 5 221 9641 Si i is 5:14 171 140 
36 1a 10 221 47959 S575 il 1:21 220 21 
37 15 2 229 45241 O., 1B}, Al7/ Abe NS) 221 60 
38 13 8 233 SWE) || 92 5. Ho Ne See 208 105 
39 15 4 241 PSS |, Sa Wl, WY 4:15 209 120 
40 16 1 257 64001 PED, Bie, AL 1:16 255 32 
41 16 5} 265 51793 23.13. 19 3:16 247 96 
42 12 11 265 69167 Ade \Wibe, 248) 1; 23 264 23 
43 13 10 269 62839 535 hy 7B 9 928) 260 69 
44 14 9 277 SW) || Bo Ba Lo 73 52s 252 115 
45 16 5) 281 IMO || 2B So Fo Mi 5:16 231 160 
46 i) 8 289 BiG) || 2. Sa 7, BB Hf oes} 240 161 
47 17 2 293 76601 Se 7D) Qin 285 68 
48 16 7 305 7327 Won Sh AD) 9:23 224 207 
49 17 4 305 56033 |2.7. 13.17 4:17 273 136 
50 13 12 313 96719 2. 52.13 125 312 25 
51 ie: il 317 89239 52,7. 11 3}0 925) 308 75 
52 17 6 325 22393 Uh We 28 6:17 253 204 
53 18 1 325 | 103033 Sh / US, 1; 18 323 36 
54 16 9 SyeV/ 52319 I 3, BP if 3 5) 288 175 
55 18 5) 349 57001 Jo Sls Gh, 78) 5:18 299 180 
56 17 8 353 23359 | 22.3. 52. 17 9:25 272 225 
57 19 2 365 | 121673 tha hg US 2:19 357 76 
58 | 14 13 365 | 131767 CY Th NS) 27, 364 Pi 
59 18 7 SW/e An She, S25 Oo Ml 7:18 275 252 
60 16 11 SYP || OLS) O85 sh SM 5 27 352 135 
61 19 4 377 9502 eli Qe oo 25 4:19 345 152 
62 17 10 389 MR) |\ Sx Si tho SUL ROMY 340 189 
63 19 6 397 53641 52, 13. 19 6:19 325 228 
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halbierenden. Wie ich bewiesen habe1), ergibt jedes Paar der Dreiecke 
D,, Dyg,..., Deg auf diese Art zwei neue Dreiecke mit rationalen Winkel- 
halbierenden. Ich erwahne hier nur sechs Beispiele, wo c die Basis, h die 
Hohe bezeichnet. 


on eee 


1N54h |cos }/2 Alsin 1/2 Ao \y Bisin 1/2 B| cos '/2C | sin }/,C 


b c 


Dy=5D;,|1125 }169))" 84) 259) 12513 
D7+5D,| 125 | 169) 154) 5 | 12:13 
AD = D5) PD || GAS 777 || WO) |p Wee is 


5 
5 
5 

2D7+-D;| 289 | 338| 399}-10 | 12:13 | 5:13) 15:17 | 8:17 | 1712221 LAG eE22i 
D,—3D3]| 867 | 1681] 1036} 30 | 40:41 | 9 
9 


D7+3D3| 867 | 1681 | 2002| 30 | 40:41 


1) Diese Proceedings, 34, S. 1394. 


Mathematics. — On the Solution of the Matrix Equation AX+ XB=C. 
By D. E. RUTHERFORD. (Communicated by Prof. R. WEITZENBOCK). 


(Communicated at the meeting of January 30, 1932.) 


I. In this problem A, B and C are given matrices and it is required 
to find X, or rather, to find the elements of X in terms of the elements 
of A, B and C. A solution is possible only if A and B are square 
matrices, let us say of orders n and m respectively, and when C is a 
conformable matrix of n rows and m columns. It follows that X also 
must have n rows and m columns. 

When PX= XQ, X is called a commutant of P and Q, and is 
often written X= (P, Q). It is a fundamental fact that this commutant 
can only be the null matrix, unless the matrices P and Q have at least 
one latent root in common. When common latent roots appear, then 
the general X is nonzero and contains arbitrary parameters. (Cf. e.g. 
TURNBULL and AITKEN, Canonical Matrices, (Glasgow, 1932) Chap. X). 
As may be suspected, our problem presents similar features. If C=O, 
then evidently X=(A,—B) is the commutant of A and —B, two 
matrices whose latent roots will be denoted by 4;, —u;. Uniqueness or 
otherwise of the solution X will depend on whether J, is equal to —y; or 


not; in the case of uniqueness (IV below) when 1; + w4j=0, X will 
however, not be zero. 


Se) 


We shall first consider the case where A and B are in the classical 
canonical form. We therefore write 


A=|A, ryitel (epee (veh : 
2. By 
BA’ ashy 
where A; =| 4; 1 and B, =] 4; 1 Ab 
A; 1 Bj 1 
a 1 
A; Nea | 


all elements not indicated being zero, and where neither 4,, 42,..., 4, nor 
My, ly, +++5 lq are necessarily all distinct. We now split up C and X 
in the following manner, 


X= Xai ane Ores ta and C= Pig ry, Geren. Ciges| 


XG Xo see X24 Gan Cay oe ee Cr, 
SPE se Senco Ge 


where the submatrices Xi; and C, have the same number of rows as 
A,, and the same number of columns as B;. 


ll. The submatrix X,; is now given by the equation 
Ai Xyt+ Xi; By = Cy. 
Let A; and B; be of orders s and ¢ respectively; then we write 
Xj [Xe Ha - +++ Xs and—Gi== f ci C12,+. +» Cts 
Kap Xoo s Kis CaniCaee a Crs 
The equations for the elements x are easily shown to be 


Ai Xt Xetra Xet—r F y kt = Chae (keee tl al) 
Ai Xa + Xetra tb Mj Xk = Cha» (k < t) 
. Arte XetA + jy X41 Cet, (I = 1) 


Ay X01 + fy Xe1 = Cea 


(1) 
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These may be rewritten as 


Ce ee, 
A By 
a= (I> 1), 
ey ge (k < #), 
i Tee Bebra (Bee eth Ss Wy. 


III. We shall first consider the case where 1; + “; #0. In this case 
every element of X;, is exactly determined from the last equations. 
Indeed any element x is equal to the corresponding c, minus the x 
element immediately on the left, minus the x element immediately below, 
all divided by 4 + u;. Hence any letter cy, will appear in the kl th 
place in X;; and also in every place to the right of, and above the kl th 
place; also the coefficient of c,, in the uv th place of Xi; (u<k,v>l) is 


(— 1)ste—k 6G Ree ; me :) (A; + y)RR ee, 


IV. Let us now consider the case were 4; + u; =0. If c.1 0, then 
x; and every other element x of X;; can easily be shown to be infinite. 
Similarly, if any x, of X;; be infinite, every element above and to the 
right of x, must be infinite. If, however, c,1 = 0 a finite solution may 
exist, for then will 2x,: be arbitrary; but x,2 will be infinite unless 
Cx2 — X41 = 0, so that if we take x1 = cs2, then x:2 is arbitrary. 

Now if t<s, we may proceed in this manner and obtain ~,, arbitrary 
by putting x4: = ci41 where 1<s. If x1 be not infinite, then must 


Ca Xie Cet C1 
and, proceeding as before, we have x;_;,, arbitrary by putting 
Xt1,1 = Ce_1,141 — Xe,141. 
In the same way, if x,» be not infinite then must 
Crh — Ceohti2 Te Cpch423 as)" Cpa == Ol (es) 
Also we have x, arbitrary by taking 


Xt—h,l —= Ct—hlt+1 — Xt—h41,141 (I <i s). 


ey 


In this way we can obtain every element x in terms of the ci; and 
of t arbitrary parameters. 


If t>s then we proceed in a similar manner, but we take the s 
arbitrary elements x11, x1.2,...,X1,; instead of x1,,, %25,-.-, Bereta 
The same relations between the elements c will hold, but in equation 


(2) the values of A are given by h<s<t. The equations for the ele- 
ments x in this case will be 


Xl = Ckh—-1.1 5 Xk,l — Ck—1,1 — Xk—-1,1—1 (k SAS LS 1). 


Thus, if 2;-+ 4,=0, a finite solution exists if, and only if, the 
following relations hold for the elements c; 


Ce1 — 0, 
C11 ae Ce2 — 0, 


C2 Vee CE-1,2 =e Ct,3 = 0, 


. . . 


A eG) 
the last equation of this series being 
(i —= 9} + CAG == so (—) C= 0, if s Sata 
or 
C5471) la Cf-—=s 1-22 ame) os (—)s- Cts — 0, if Ss << t. 
The solution is then of the form 
Chm Oe ne: (—)} CYA poo an Chii= es Seek (les EY 
€22—C3,3 ak soe (—)*-? CEE sess C2is—1 > C35 + @t—3, C2s—G@t-2, 4t—1 
(Sp re i} peers CEs lame Chss Cr—-1,s—— 4}, a2 
= Ct2 BQ OOD Ct, s—1 ’ Cts » ay 
or (4) 
Pes) ’ b, poees b,-1 ’ bs 
C11 > C12—b, pesos C1s—1—bs_2 ' Ci,s—bs—-1 
CoN C2 2a CIA yowsg (ol — ah =F (Py a, AGUS WES + b,—2 
s—2 ae 
Cee tn Cea 2 Ce 21 yee s Cé—lis—t_ «+ (—)istia. Ce—1,8— Ct—2, s—1 
-+ +4 (—)s- Ci 1 


according as s is greater or less than f, where the elements a and b 
are arbitrary parameters. 
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V. We have now obtained a solution of the equation 
A; Xi + Xy By = Cy. 

Solving this equation for all values of i and j we obtain every sub- 
matrix Xj;; and building these together we arrive at the solution of 
AX + XB=C, where A and B are in the classical form. If A and B be 
not already in the classical canonical form, then let A= H™ RH and 
let B—K-' SK, where H and K are nonsingular and where R and S 
are in the classical form, so that HA H-'=—R and KBK“=S, 

But we can find a solution Yof RY+ YS=D 

Of. Of PAL VSO haB Kae 
or of ACI ay Kee AS! Y1GB = Be De 


Hence if we choose H-' DDK = C or D=HCK—|, thn X=H'1YVYK 
is solution of AX+ XB=C. Thus a finite solution to this equation 
always exists provided that no latent root of A is equal to the negative 
of a latent root of B; or if this be so, provided that the relations (3) 
hold. In particular, no finite solution will exist if both the matrices A 
and B be singular. 


VI. If every element of Ci; is zero, then so is every element of 
Xi; unless 2; -+ wu, = 0. If this be the case then all the equations (2) are 
satisfied and hence a finite solution exists. By deleting all the elements c 
from the matrices (4), we obtain the solution of 


; A; A+ Xi, B; = 0 (A; -+ wy = 0). 


Building up the submatrices Xi; in the same way as before, we have 
the solution of 


AX+ X¥B=0. 


VII. We shall conclude by giving a simple illustration of the foregoing 
methods. We wish to find the value of X for which AX+ XB=C 


where 


A=) 8 <0r=ime Oe |B = Ue ycie =) @ © fw 
TQ WO 4 Yi 0 Wt a 
a Be 43 Om rik 
Ww a 2-4 125 4 45 20 0 Ome te 

Now A=HRH™ and B=KS K—' where 

Fi tah i Wothke) | Oe wi). 
Pe 1) Ome melee lOO 
0-1-1 0 0 0 2: wn © 
OO) Oe iy ib yee ey 


end S = [71 “1 10 
Omri 70 
fe 

G02 


Here the latent roots of A are 2,2,2,2 and those of —B are 
—2, —2,—1,—1. Hence none are common and X is therefore unique. 
The matrices R, S and D are now partitioned into submatrices 
in the appropriate manner, as is shown by means of the dotted lines: 
and we proceed to solve the equation RY+YS—=D. Let Y be 


isk ak then we must have 
Yn Yr 
Vai =a — 1 ] 1 
S28 83 
1 1 
e357 
aya) 
eee: 
[ey ee 


3) rat pe 
1 1 ) 
2 BES ek 
1 2 
make Te ee! 


1 4 
gp TH 
1 2 
eS See 
1 1 
Tae ee 
Weal oy lS oy 
| race 
2 om 
42° # 
IG 3 
AeA 4 
ib eite Foe 
4° pt Bp 
[ale ae 
Sb ey SEY 


Mathematics. — Ulber die Matrixgleichung AX + XB—=C. Von 
R. WEITZENBOCK. 


(Communicated at the meeting of January 30, 1932.) 


§ 1. 


Im Anschlusse an obige Mitteilung des Herrn RUTHERFORD iiber die 
Lésung der Matrixgleichung AX + XB—=C will ich auf die Méglichkeit 
einer ,,reinen’”” Losung hinweisen. Dabei verstehe ich unter einer ,,reinen’ 
Lésung einen Ausdruck X =f (é,7,¢,...), in welchem feine algebraische 
Funktion ist, deren Argumente &,7,¢,... die Koeffizientenmatrizes 
A,B,... (und allenfalls deren Transponierten A’, B’,...) sind. Die 
Koeffizienten in f sollen gewdhnliche komplexe Zahlen oder auch affine 
Invarianten der Matrices A,B,... sein. Uberdies’ soll eine reine 
Lésung erhalten werder: kénnen, ohne dass man auf die Elemente der 
Matrizes A,B,X,... selbst zuriickgeht. 

Die obige, durch Herrn RUTHERFORD gegebene Losung ist nicht-rein. 
Dasselbe gilt von der durch RICHARDSON ') behandelten Lésung der 
allgemeinen linearen Matrixgleichung 


AXA, + BXB,+...+MXM,+N=0, 


Dagegen geben TURNBULL”) fiir einen besonderen Fall von AX+ XB=C 
und BAKER’) fiir die Gleichung XAX=B reine Lésungen. Hierher 
gehért auch die ,,reine” Loésung der linearen Quaternionengleichung 
a&B-+y&d=e, die schon HAMILTON *) und Tair?) geben und die durch 
L. VON SCHRUTTKA °) verallgemeinert wurde. 


Wir setzen voraus, dass in 
AX XB G2. ee re 
die Matrizes A und B nicht-singular (det A 0, det B40) und dass 


) A. R. RICHARDSON, Proceed. London Mathem. Soc. 2, 28 (1928), p. 395—420. 
) H. W. TURNBULL, Atti Congres Bologna (1928), Bd. II, p. 68. 

) H. F. BAKER, Proceed. Cambridge Phil. Soc. 23, (1925) iepeee2s 

*) W. R. HAMILTON, Elements of Quaternions (1866), p. 410. 

) P.G. Tarr. An elementary Treatise of Quaternions (GUSG7) pale 3: 

) L. VON SCHRUTTKA, Wiener Sitzungsberichte 115, Abt. Ila (1906), p. 739—775. 
Vgl. auch H. ROTHE, Mathem. Enzykl. III AB 11, p. 1335. 
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die zugehérigen Minimalpolynome vom p-ten resp. vom g-ten Grade 
sind. Dann haben wir 


Ar =a, AP '+a,Ar?4+...+a,,At+a,E ! 
Boab pot eB 4b, 5 ee De. 


wobei FE die Einheitsmatrix, a, #0,b, #0 und die a; bzw. by affine 
Invarianten von A resp. B sind. 

Wir multiplizieren nun (1) linker Hand der Reihe nach mit A, A?,..., Ae: 
dies gibt p Gleichungen 


At X+ AM XB=A‘*C (k=1,2,...p). 


Diese Gleichungen multiplizieren wir rechter Hand mit B, B?,..., Br 
und erhalten so p.q Gleichungen 


Kees) Lar es 
A® XB + AR! XBn = AF! cB ( ° 


iis eee ee (3) 


Nach (2) ist hier jedes AP XB"! und jedes A*—! X Bea linear und 
homogen auszudriicken in den A‘ X B’ mit r< p und s<q. Wir haben 
dann p.q lineare Gleichungen mit ebensovielen Unbekannten 


a ais) 


Cae Gb ie ga 


und zwar Gleichungen mit skalaren Koeffizienten. Sind diese Gleichungen 
iiberhaupt lésbar (wovon man die Méglichkeit leicht durch spezielle 
Beispiele nachweist), so folgt, dass die gesuchte Matrix X die Form hat 
Stig 
Gea AC CBee ee Fe ee (4) 
pW) G0) 
wo die a,, rational von den Koeffizienten a; und b, der Gleichungen (2) 
abhangen. 


Mathematics. — Curved n-dimensional varieties containing n systems 
of straight lines. By J. A. BARRAU. (Communicated by Prof. 
JAN DE VRIES). 


(Communicated at the meeting of January 30, 1932). 


§ 1. Imagine a species of geometrical entities A that can be indicated 
“smoothly”, ie. without any singularity, by homogeneous coordinates 
{x;} eventually satisfying certain fundamental relations P}x,}—0, where 
the P are polynomial. 

Take also a second species of entities B, not necessarily different 
from the first, smoothly indicated by homogeneous coordinates }y;} with 
eventual fundamental relations Q} yi} —0. 
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Then the new entities obtained by the combination of an A with a B 
correspond smoothly to the homogeneous coordinates 
Xij = Xi Yj 
satisfying the fundamental relations: 
Pixs) == On const... Q(X, 0, peor) 


Xi; Xj 5 . or + + . (1) 
== 090k yee 
BEhGy aa 


If the A and B belong to the same species the combination AB is 
evidently different from BA. 

In the same way combinations ABC... can be smoothly indicated 
by coordinates 


Nip ee Ue 
obtained also by multiplication of coordinates. 
Linear transformations of the {x}, leaving invariant the relations P, 
combined with linear transformations of the }y}, leaving the Q invariant, 


give rise to linear transformations of the {|X} for which the relations (1) 
are invariant. 


§ 2. Let A be a point {x,; x2} of a straight line, likewise B a point 
{413 y2} of a line which may or may not coincide with the first, then 
the pair AB has the coordinates: 


§=XyHxy ys &H=Xy.= mH yi B= Xy = mys &4= Xy = xp Y2: 
satisfying the fundamental relation: 
Sire ia oes ae Pe ee (2) 


Hence the pairs AB correspond smoothly to the points P={é,;é); bas Fas 
of the quadric surface (2); the pairs AB for which A is constant corre- 


spond to the generators of one system, the pairs AB with constant B to 
the generators of the other. 


§ 3. The combinations ABC, 


AL =a ce pe jape= Ee Cazes 
correspond to points: 
Dee is 695 S53 eainess ee ey. ene 
where 
1 = X YZ bn == %] Yi Zo fs =o 24 PRESB ANS 52) 


$5 = X21 2, 6 = X21 2. =x, yz, Eg ys eo: 
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The {&} satisfy the fundamental relations: 


§, ef —- $3 =,—0 & cee) eg) Ey &,—&, f52=0 g &,;— &, é;—-() (3) 
f5S3—S56,=0 &36,—f,6=0 £8 — f4f6=0 € 6 —£,6=0 

The degree of freedom of P, as of ABC, is 3; hence the system of 
equations (3) defines a 3-dimensional variety V3; in 7-dimensional space 
S;. This variety, IJ, has no singular points and all its points P are 
equivalent in a projective sense. Indeed, any combination A,B,C, can 
be linearly transformed into A,B,C, (3) remaining invariant, such a 
transformation arises by combining a transformation of the {x} trans- 
forming A, into A, with one of the {y}, B,)—B, and one of the 
iz}, C, > C,. 

The degree of II is six. Indeed, combining in every possible order 
three points, for which may be taken without loss of generality {0; 1}, 
{1; 0} and {1; 1}, six points P arise: 


Pen 0.07 103.07 0150? 12,2 OS OOOE OB SUS hat Oy 
P; = {0;1;0;1;0;0;0; 0} P,= {0;1;0;0;0;1;0;0} 
P5=%0;0;0;071;1;0;0} P.= {0;0;1;1;0;0;0;0} 


These points satisfy the relation 


Pipe ac bs = Dia Dye, 


so they belong to one S,, also any point, i.e. P¢, is the only and single 
point of intersection of IJ with the S, containing the five other points P: 


P=4,P,+4,P,+4,P3+4,P,+4; Ps, 


hence the degree of IJ is 6X 1=—6. 

Another proof will be given in § 5. 

IT contains three systems, each of o? straight lines I: one system a, 
in which A is variable, B and C are constant, e.g. 


Acer me Cs teens Cs. 8). 
one system f, e.g, 
fazb} {Asp} je: Ff}, 
one system jy, e.g. 
fasb} fesd} fArm}, 


for in each case the {&} are linear and homogeneous functions of the 
parameters {/; “}. 

Through each point P of II passes one Ix, one 13, one ly; these three 
lines form the complete intersection of IJ and the S; tangent to it in 
P: so there are no other straight lines on JJ through P and as all the 
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points P are equivalent, there are no other lines on 1 but the l., le 
and 7: 

II contains three systems, each of o! quadric surfaces H, one system 
a, in which A is constant, B and C are variable, e.g. 


fa;b} {Asm} trex}, 
one system f, e.g. 
{Asmy fesd} trix}, 


one system y, e.g. 
{Asus tose} fer} 


each H, is formed by one regulus of Jz and one of ly, each Hg by 
L, and ly, each H, by I, and lg. 

Through each point P passes one Hz containing the J; and the l, 
through P, one Hz containing the J, and the l,, one H, containing the 
1, and the lz. ; f 

Each J, belongs to one Hg, locus of the oo! l, intersecting the I; each 
I. belongs to one H,; there are no J, that intersect a given lI, — hence 
IT contains no quadrics, but Hz, Hg and Ay. 

Each |, has one point in common with each H:.z; 

e.g. for the 1, ; 


fe ced eos 
and the fc" 

(a0 joe ee eee 
this point is 


Va; Ome Cc dime fa 


Likewise each J; has one point of intersection with each Hz, and each 
l, with each Ay. 

A 1, has no point in common with a Hg, or Hy, excepted when it 
belongs to it. 

Two H of one system have no intersection; two H of different systems 
have a / in common, eg. a H, and a Hz a l,; three H of different 
systems have one point in common. 

An algebraic curve on IJ, not belonging to one Hz, and of degree n, 
which intersects one H. in p points, intersects each H, in p points. 
For if we choose in the first H, a point not coinciding with one of 
the points of intersection, that H. belongs with the Hz and the fe i 
passing through the chosen point to one S;. This S; intersects the given 
curve in the p points on H, and in (n—p) other points each of which 
belongs to Hg or to H,. Another H’. forms with the same Hg and H, 
another S’;; this S’, intersects the curve in the same (n—p) points of 
Az and Hy, leaving n—(n—p)—p points of intersection with H’.. 

Hence the numbers of points of intersection {p; g; r} with the Hu, 


SY 
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Hz and Hy, are constant for a curve not belonging to one H; the degree 
of such a curve is 

=P 429-7. F: 
being the total number of points of intersection with a S, as above, 
having with JI three H in common. 

But if the curve belongs to a H, eg. a Hz, it has no intersection 
with another H’., so p=O is again constant and n=q-+r. 

An algebraic surface of degree N on JI that intersects one J, in P 
points, intersects also every other l., which it does not contain, in P 
points. For if we draw through a point of /, not belonging to the 
surface the J; and the l1,, also through the pairs of these three lines 
the H,, Hz; and H,, then the curve of intersection of the surface with 
the S, through the three H degenerates into a curve on Hz, a curve 
on Hg and a curve on Hy. The curve on H, is a {P; Q}-curve if Is is 
intersected in Q points, that on Hz is a {P; R}-curve, if lL, is intersected 
in R points, that on Hz is a {Q; R}-curve and 


N=(P + Q)+(P+R)+(Q+R)=2(P+Q+R). 


Any other I’, intersects H. in one point, the I’; and the /, through 
this point belong to H, and intersect resp. in Q and R points. If P’ 
is the number of points of intersection with Iz, then again N= 2(P’ + Q-+R), 
hence P’= P. 

Another proof of the invariance of {p; q; r} and {P; Q; R} will be 
given in § 4. 


§ 4. JZ is rational, i.e. it may be brought to correspond birationally 
to ordinary projective space S;. To prove this we choose in S; three 
pencils of planes with axis a, b, e¢ in general position, the point {a; b} 
fc; d} fe; f} of I is made to correspond to the point of intersection of 
the three planes having in the pencils a, b, c resp. the homogeneous 
coordinates {a; b}, {c; d}, fe; Fi. 

The lines 1, Iz, lL, correspond — safe singular cases treated hereafter — 
to transversals over b and ¢, a and c¢, a and b; the Hz, H3, H, corres- 
pond to planes through a, b, c. 

The singularities of the correspondance are: 

to a transversal f over a, b, c corresponds a single point S, to the 
quadric surface T through a, b, ¢ a curve o, locus of points Si 

to a point of a corresponds a line /, that intersects o, to a the scroll 
>, of l,, to b the scroll of Jz, to ¢ the scroll of l, intersecting o. 

* To a curve of degree n in S; having p points of intersection with 
a, q with b, r with c, corresponds a curve on II for which 
Dee eG ne etn eee” (4) 
and 
MeO n—(p + ge r)s *. ee (5) 


(4) gives another proof of the invariance of {p; q; Tj. 
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Two curves {p; gq; r} need not, belong to the same species, this not 
being the case with the curves in S; to which they correspond. 

To a surface of degree n in S3, for which a is p-fold, b is q-fold, 
c is r-fold, corresponds a surface on JJ for which 


P=n—q—r, Q=n—p—r,R=n—p-q.. . 6) 
and 


N=2(P+Q+R)=6n—4(p+qt+ne):... . (7) 


(6) gives another proof of the invariance of {P; Q; R}. 

The surfaces {P; Q; R} belong to one species. 

A generator of T belonging to the same set as a, b, c has one point 
in common with every transversal ft, such a generator corresponds to o, 
hence o is a cubic o°. 

All the curves {1; 1; 1} still form one single species, hence the degree 
of a scroll S is the same as that of any other scroll the generators of 
which are lines I, e.g. I, intersecting a {1; 1; 1}-curve. To such a 
surface corresponds a quadric surface in S3, containing b and c¢, so 
=P p= 0, Wg =i} fe Wand Nt=1 2238 = 4 hencesthem area 

Toa {p: gq; r}-curve on IJ having s points of intersection with the 
singular curve 0°, corresponds a curve in S? for which 


eripe Dee 


(ee cme aoa | ; 
it Sey De eS) 
r=p+g —= 8 


For s—0 the curve on IJ is general, i.e. free from o. 

In S; this means that the 2n =2(p+gq+r) points of intersection of 
the corresponding curve with T are distributed on a, b, ¢ resp. to the 
numbers of g+r, p+r, p+q, there are no other intersections with T. 

If p=q=r then g+r is the highest possible value of s, if this 
value is attained for p—q-=r the corresponding curve in S; is general, 
i.e. free from a, b, c. 

To a surface {P; Q; R} on II of degree N=2(P+Q-+R) and 
containing o°? with a multiplicity S correspondsa surface in S3 for which 


n=P+Q+R—28S 


p=P—S, q=Q-—S, r—R—S. (9) 


If S=0 the surface on IJ is general, i.e. free from o and the corre- 
sponding surface intersects T exclusively along transversals t corresponding 
to the points of intersection of the surface on II and o. 

If P= Q=R then R is the highest possible value of S, if this value 
is attained for P—=Q=R the corresponding surface in S; is general, 
i.e. free from a, b, c. 
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If P=0O (or Q=0, R=0) the surface is a scroll whose generators 
are [, (or Ie, l,). 


§ 5. The number of points of intersection of three general surfaces 
{P,;Q,;R,} (P,;Q);R>} {P;;Q;;R;} 


on JI, having no curve in common, is 


P,Q.R, | 
i=—P,Q,R, (10) 
P, Q, R, 

a polynomium analogous to a determinant with the difference that its 
terms are not given alternately the signs -- and —, but permanently 
the sign +. 

So 


i=P,Q,R,+P,Q;R, + P,Q, R, + P,Q;R, + P;Q,R,+P;Q,)R,. 


Indeed the surfaces {P;Q;R} in general position correspond to a 
linear system of surfaces in S3 and the number of points of intersection 
of three of these follows the principle of continuity, the number is 
constant if finite. So each corresponding surface may be replaced by P 
planes through a; Q through b, R through c; hence (10). 

The number of points of intersection diminishes if the three surfaces 
contain the same curve, this is always the case if their position is not 
general (for then they contain o) — in each case the true number can 
be found in S3. 

For three surfaces {1; 1; 1}: 


iF 1 
Gt = 3/6: 
11 


a SS EA 


But such a surface {1; 1; 1} is the complete intersection of IJ and a 
linear Sg: 


Ayé; + Ant, + Ash3 + Asda t Asbs + Achs + Ard, + Asks = 0, 


hence i= 6 is the number of points of intersection of // and the linear 
S, common to three S¢, which gives another proof of the degree of lJ. 

The number of points of intersection for a |p; g; rj-curve and a 
{P; Q; R{-surface is, if it is finite, 


P—pPeeedQeerRae so. + « + (11) 
5* 
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The curve of intersection of two general surfaces {P,; Q:;R:}, 


{P,; Q); Ro} is a 4 : Rocutve or 
_Q, R, mor R, See Qi) , P a . (12) 


lary Re {DL ee ~ P,Q,5 


For 
Le One 0 Oat 1a0 Oars 1 
p—P,Q,R, g=P,Q,Ri r=P, Q, R;. 
P,Q,R, P,Q,R, P,Q, R, 


§ 6. IT is in smooth correspondance to the lineo-linear congruence of 
planes in S; having one point in common with each of three straight 
lines a, b, ¢ in general position — there is one plane in the congruence 
through each point not on a, b or ¢ and one plane in each Sy, not 
containing a, b or c. To fix the correspondance we have only to consider 
the points A,B,C in which the plane in S; intersects a, b, ¢ as the 
points: A,B, Gofsss3: 

A line 1 of II corresponds to a set of planes A BC in which two 
of the points are kept constant; a H of II corresponds to a set of 
planes A BC where one of the points is constant. 

Curves {p; q; r} and surfaces {P; Q; R} correspond to sets of planes 
ABC obeying the formulas (10), (11) and (12). 


§ 7. The pairs of points, n=2 (§ 2) and the triplets, n=3 (§3—§6) 
are the first of a series of cases, which consider sets of n points belonging 
to n straight lines, one point on each line. 

These sets correspond, for any n, to the points of an n-dimensional 


? n! . n 
variety V, of degree n! in a linear space Sy"_; of 2"—1 dimensions. 


This variety J/, contains n systems of lines Ih, (5) systems of 
2 


n 
Ty. (7 | systems of Tayo af fi Jan systems of JT, 4. 


fi | 
Curves on IJ, have indices {p,...p,} where the p are the numbers 
of points of intersection with the //,_, of the various systems; the V,_, 
of II, have indices {P,...P,} where the P are the numbers of points 
of intersection with the lines IJ, of the various systems. 
The number of points of intersection of n varieties V,_, is in the 
general case 


£50) eto, fel verane 


a 
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If all the P are 1, i=n/, the degree of Ih. 
The number of points of intersection of a curve {p, apn anda Vey 
{Py Pk cs P,} is 4 


te DE bie Does 1 Dab. 


The curve common to (n—1) varieties V,—1, has the indices 


A es YO Ce ees 


The JI, are rational, ie. they correspond birationally to linear spaces 


~S, (n pencils of S,1, analogous to § 4); they correspond smoothly to a 


lineo-linear congruence of linear S,-; (in S2,1) having one point in 
common with each of n straight lines in general position (analogous to §6). 
The projections W,"’ of the V,"’ on linear spaces of (n+ 1) or more 
dimensions, contained in the S,"_;, have the same properties as the 
original V;’, but they may possess singular points to be taken into 
account, 
Thus there exist, in S,, varieties W;° containing three systems of 


straight lines. 


Physics. — Measurements of Ultraviolet Sunlight in the Tropics. (1). 
(Gommunicated “by Prof, P. ~ZeEMAN),. By ©J: -CLAyY and 
T. CLay—JOLLES. 


(Communicated at the meeting of January 30, 1932.) 


§ 1. August 1928 we started observations on the intensity of ultra- 
violet solar radiation in Bandoeng. We were induced by the perfect 
uncertainty existing on this subject. In “Het Klimaat van Nederlandsch- 
Indié” in the year 1926 Dr. BRAAK has expressed the opinion that very 
little ultraviolet radiation would be present on account of photographic 
experiences. On the other hand DoRNO'), basing himself on observations 
by GORSZYNSKI during a voyage through the Dutch East Indies and on 
some other evidence, supposes that perhaps the tropical sun is very rich 
in short wave ultraviolet light. However, observations with the neutral 
wedge photometer on various places in the tropics as well as in the 
temperate zones show, according to DorNo, that in the tropics the blue 
violet and the long wave ultraviolet has a smaller intensity than in the 


1) C. DorNO, Meteor. Zeitschrift, Sept. 1924, pag. 247. 
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temperate zones, for the same altitude of the sun, which fact he contributes 
to the lense shape of the atmosphere’). { 

Dr. D» MUuLpER, physician at Bandoeng is, on medical grounds, of the 
opinion, that the proportion of ultraviolet in the Indian sunlight can 
certainly not be very small, and he thinks that photographic observations 
do not disagree with this?). 

For this reason it seemed important to determine by accurate measures 
extending over an appreciable time the strength of the ultraviolet in 
Bandoeng, for direct sunlight as well as for diffuse light. These 
observations were for some time accompanied by determinations of the 
photographic light with the neutral wedge photometer (‘“Graukeilphoto- 
meter’). 

On account of our unforeseen departure to Europe, these determinations 
had to be brought to a close in August 1929, and though the time is 
certainly insufficient for accurate data, these observations extending, apart 
from certain gaps, over a whole year, are not without importance as 
a contribution in this unexplored domain. 

Bandoeng is situated on 107.5° eastern longitude and 6° 57’ southern 
latitude. The observations took place on the very spacious square surrounded 
by the buildings of the physical laboratory of the Technische Hoogeschool 
760 meters above sea level. The laboratory is a long building of only one 
storey. For the purpose of observing the ultraviolet a 10 meter high iron 
tower was erected, so that the entire horizon was free. The nearest 
mountains were the Prahoe and the Boerangrang, which, having an alti- 
tude of about 1300 meters above Bandoeng at a distance of 17 K. M., 
hardly intercepted the light of the sky, so that the radiation came unob- 
structed from practically the entire upper hemisphere, which is of great 
importance for observations of the diffuse light. The more so, since the 
ground uviol-glass used for determining the illumination of the horizontal 
plane by the diffuse sky light, diffuses very imperfectly, and for an angle 
of incidence of about 80° the cell receives much less than would be 
expected according to LaMBERT'S law. This point will be taken up when 
discussing the determination of the diffuse sky light. 


Method of observation. 

The method making use of the Cadmium cell by means of electrometric 
discharge was decided upon. The apparatus was a photoelectric photo- 
meter after ELSTER and GEITEL, in the special form given to it by GUNTHER 
and TEGETMEYER after indications by Dorno. 

The Cadmium cell, connected with a single fibre electrometer, was 
charged up every time by means of a Zamboni pile to a little over 120 volt, 


') C. Dorno, Die ultravioletten Sonnen- und Himmelsstrahlung in tropischen 
Gegenden, Die Naturw., 18e Jahrg., Heft 12. 


*) Dr. D. MULDER, Handelingen van het vierde Nederl.-Ind. Natuurwetenschappelijk . 
Congres 1926, pag. 148, 
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and the time determined in which the incident sunlight produced a dis- 
charge from 120 to 90 volt. In this region the sensitivity curve of the cell 
is linear, and the same thing is the case for the calibration curve of the 
electrometer, The latter was repeatedly verified during the research by 
calibrating the electrometer, 

By inserting various diaphragms, the time of discharge was kept within 
not too wide limits. For very small intensities, ‘discharge took place over a 
smaller range of potential, taking care that always the time of discharge 
for the smaller interval was accurately compared with the time observed 
for the usual drop from 120 to 90 volt. The ratio of the diaphragms was 
also carefully determined by experiments on the apparatus itself. 

Special care was taken to keep cells as well as electrometer dry. This 
is absolutely necessary in the tropics, and greatly hampers the work with 
electrometers. Because of the construction of the cells, the chemicals for 


‘drying had to be removed during observations, to which there is no 


objection, since the measurements took place in the sunshine. When not 
in use, cells and electrometer had to be provided with good drying mate- 
rials, and moreover the whole apparatus was then enclosed in an electric- 
ally heated box, so that the temperature was always above the surroun- 
ding. On every observing day, the leakage was repeatedly determined, 
and, if necessary, allowed for. However, it remained within the limit of 
observational error in nearly all cases. 

In the above mentioned way it was possible to reduce the time of dis- 
charge to always the same fall of potential of 120 to 90 volts and the same 
diaphragm, with an uncertainty of only a few percent. 

The intensity was computed according to the formula 

—_ 10000 1200 250 


hee t log “og = t 


where ¢ is expressed in seconds. 


§ 2. Reduction of the cells to the standard. 

The Cadmium cell method has, as is well known, the great advantage 
of simplicity in treatment and of inexpensive and easily movable apparatus. 
The main disadvantage is, that the Cadmium cell does not measure the 
ultraviolet intensity, but rather the integral of the intensity of each 
spectral element multiplied by the corresponding sensitivity of the cell. 
The Cadmium cell only responds to ultraviolet rays, and seems, up to 
about 3200 Angstrom, to be very little sensitive. The sensitivity rises very 


‘rapidly for shorter wavelengths, and has a maximum for a wavelength, 


which is not the same for different cells. For the two cells for which 
HAUSSER, at DorNo’s1!) request, determined the sensitivity curve, the 
maximum is situated at 2800 and at 2650 Angstrom, therefore in both 


1) C. DORNO, Meteor. Zeitschr., Sept. 1924, pag. 245. 
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cases outside the. spectral region of solar radiation. For both cells the 
sensitivity at 2900 A is about six times that at 3100 A. The integrated 
intensity, which is measured, has therefore only relative value, and 
measures with different cells can only be compared, if the sensitivity of 
the two cells has been compared for as many solar altitudes, that is as 
many spectral regions, as possible. 

The cell CdII of Dorno and his collaborators, which is used by them 
for many years, is generally adopted as a standard. Our observations have 
been reduced to this cell, and correspond therefore to the Davos scale. 

A great difficulty, however, is, that the sensitivity curve of our two cells 
5450 and 5480 of GUNTHER and TEGETMEYER deviates very appreciably 
from the one of Cd II. This seems to be the case for the majority of newer 
cells. It follows from the fact that the sensitivity ratio of our cells to 
Cd II strongly depends on the solar altitude. Before we took the cells to 
India, they were in February 1928 compared with the Davos cell for solar 
altitudes up to 35°. The very pronounced dependance of the reduction 
factor on the sun’s altitude made us hesitate to extrapolate the calibration 
to higher altitudes, as would be necessary, since we worked with solar 
altitudes up to 90°. Therefore publication was delayed, until recalibration 
had taken place in Davos for the maximum solar altitude. 

At first, calibrations at various times of the year, did not agree satis- 
factorily, if observations at the same solar altitude were compared. 
Dr. MOrIKOFER and Dr. Levy, Director and collaborator of the Physical- 
Meteorological Observatory in Davos, have taken great pains in tho- 
roughly investigating this matter. Theoretical considerations made them 
express the sensitivity ratio, not as a function of solar altitude, but as a 
function of the minos ratio. This is defined as the intensity ratio of unfil- 
tered and filtered sunlight as directly given by the Cadmium cell, the 
filter being minos glas, which kind of glass lets through rays down to 
3130 A, the latter part however much weakened. 

Reduction factors determined in this way agree well, even for different 
seasons. It is to be regretted, that the calibrations of 1928 cannot be 
arranged according to minos ratios, since at that time only unfiltered 
observations were taken. Fig. 1 gives the various calibrations, arranged 
according to solar altitudes, Fig. 2 the same, arranged according to minos 
ratios. Both figures were kindly put at my disposal by Dr. Levy. 

Dr. Levy further derived, that in general reduction factor E and minos 
ratio Q are in first approximation related by EQ? —constant, where a is 
a constant. 

This first approximation consists in the assumption, that the Cadmium 
cell enables us to measure the intensity of a definite wavelength in a 
relative measure, in other words, that the effective wavelength is indepen- 
dent of solar altitude. The same thing is assumed for the cell with filter, 


in which case the effective wavelength is larger and the relative measure a 
different one, 


13 


Though this condition, either with or without filter, is certainly not 
fulfilled for our cell 5450, with which our measurements took place, the 


REDUCTION FACTOR. 
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Fig. 1. Calibrations of the cell 5450, arranged according to solar altitudes. 


results of the calibration agree rather well with the formula EQ? = con- 
stant, and we find with a—1 a maximum deviation of about 5 %. It is 
true that for very small minos values the deviations are somewhat larger, 
but for Davos the observations have little accuracy in this region, and 
in Bandoeng they are still less accurate, for which reason very few 
observations were taken at these small minos values. 

In Fig. 2, the line representing the means of the reduction factors as 
well as the line EQ—constant is drawn. From the fact that these two 
lines nearly coincide follows therefore, that our cell with minos filter has 
about the same effective wavelength as the Davos cell CII without minos. 

Our observations in Bandoeng, which always were accompanied by 
filtered observations, indicate minos ratios of 4 to 15. Comparisons with 
the cell CdII only took place up to the minos ratio 10. Extrapolation 
over a fairly large region is therefore necessary. Because of the rather 
good agreement of the reduction factors with the line EQ=—constant, 
we could assume that this line gives the correct values and thus extrapolate. 
At the same time this would give the advantage of a simple reduction to 
the Davos scale. We simply would have to multiply our filtered obser- 
vations by a constant factor. 

Another way of extrapolating is, that we prolong the line representing 
the means of the reductions, and thus extrapolate graphically. In the 
present case we have chosen the latter procedure, because the experi- 
mental calibration curve, just at Q—10 has the tendency of rising a little 


T4 


above the line EQ=—constant, so that the deviations of the latter line 
from the real values become perhaps somewhat larger than in the region 
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Fig. 2. Calibrations of the cell 5450, arranged according to minos ratios. 


up to Q=10. The advantage of simple calculations was not applicable 
to us, since computations had already been completed by means of 
graphical extrapolation, when Dr. Levy's considerations came to our 
knowledge. An uncertainty remains in any case for the reduction factors 
at minos ratios above 10, which could only be removed by calibration with 
the standard cell up to about 85° solar altitude, which is practically 
impossible. 

Since the reduction factor for our cell is diminishing to one third of its 
value for minos ratios from 4 to 15, reduction to the Davos scale for 
a cell as ours is only possible if calibrations are done with extreme care, 
and only for observations accompanied by determinations with filter. 

In conclusion we remark, that we never experienced any fatigue in 
our cells. 


§ 3. Results of observations of ultraviolet solar intensity. 

These are given in Tables I and II, in Table I arranged according to 
the sun's altitude, in Table II according to the hours of the day, both 
reduced to the Davos galvanometer scale (unit 3,5.10—! Amp.). . 

Observations were carried out exclusively in the morning and the early 
afternoon. No measurements were ever taken after 2 p.m. Observations 
rarely begin at a solar altitude below 20°. On account of the small 
intensity and its rapid change the observations for lower solar altitudes 
have little accuracy. For the same reason the minos ratio for these low 
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TABLE I. 
Ultraviolet intensity and Suns altitude. 
Altitude HES? || AOS? | AB || SOV] SES) | SEO || Sete ao alae 65° | 70° | 75° | 80° | 85° | 90° 
Month 
September 1928. 84 | 103 | 135 | 164 | 192 | 220 | 245 | 270 | 294 | 310 | 327 
(3) | 
mietobers....... 67 | 99 | 129} 159 | 191 | 217 | 245 | 269 | 292 | 310 | 327 | 333 | 340 | 346 
(5) 
Senuary 1929... }7.5| 22 | 55-197 | 136 161| 196 0) HE 294 | 326 | 353 | 375 


(9) 


| | 


Bebruarys...... 37 | 77 | 108} 139 | 170} 200 | 222 | 252 | 284 | 314 | 342 | 364 | 384 | 394 
6) 

Bilarch. ree syc.s = 6 114 | 157 | 195 | 223 | 247 | 268 | 291 | 314 | 333 | 352 | 366 | 379 
(3) 

(Nollie c Sagoo | 42 79 | 134 | 174 | 202 | 231 | 258 | 280 | 299 


ne ose 20) GE Slee) ieee Wen | | ey2 || PAAsy || Sto 


>So Do BOObe 9.6| 25 | 56 | 85 | 120 | 155; 180 | 206 | 229 245 | 


nobpokVeeeun 39 | 67 | 98 | 134] 166 | 200 | 235 | 262 | 292 


131 | 166 | 203 | 239 | 267 | 299 | 326 | 355 


BMG USCaeeysrs = cis | 95 


altitudes can only be imperfectly determined. Since in Bandoeng the sun 
rises almost perpendicularly, these difficulties are greater there then in 
more temperate regions, where the altitude of the sun changes less rapidly. 

The observations cover an entire year, the first observing day being 
234 Aug. '28 the last 17 Aug. '29. The observations for these two days 
are in such good agreement, that a change in sensitivity of the cell in the 
course of the observing year becomes improbable. 

Expecting nearer data from Davos, under more on the reduction factor, 
and not thinking that our observations should be discontinued so soon 
on account of our departure from India, no observations were done during 
November and December. The number of observing days for every 
month is added in parentheses. Mostly this is not very large, in certain 
months observations could only be done on very few days. These are 
the months when it rains in the morning and clouds usually begin to gather 
at nine. Frequently observations had to be discontinued for this reason. 
Perfectly cloudless days do not occur, practically, there are always clouds 
near the horizon, often also small white clouds in spots. Some of the 
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TABLE Il. 
Ultraviolet intensity and time of the day, 


Time of the day |. 7h 8h Oh 10h 11h 1 2h 

Lge ere eae SN lee I a a ee ee a 
Month | 

September 1928 . 80 NES || Be@ | OS) |) syey/ 
Octoberseerree: 99 19154) 42700) 3270-34098 
January 1929... 10 99 1939 2281 aie 352382 
Rebruaty a- nee 15) 110 | 200 | 284 | 362 | 394 | 
Marchese tat WEE | Wey | DOL Bees || Se 
Aprilistivenesic ds 64 ilffeh |) As} SW) | SEO 
Mavyiesteect testes 50 BO || ZO | Bids | 28le 
June’ Tin ecente 50 see |} GS) || BEKO) || AAS 
July a fercac.. 67 lee | PAS || AKO | sler2 
NTR Eo 35.0 od a6 74 Wee |) Asil | sy) | Sse 


observing days were left out afterwards, since the results were clearly 
too small, which in those cases was confirmed by an abnormally high 
intensity of the diffuse light. When a few clear, almost cloudless observing 
days occur in the same month, their agreement is striking, e.g. for 
February. A little before noon, often a certain haziness occurs, by which 
the solar intensity diminishes somewhat. In the afternoon there usually 
are clouds, often showers, and, also for other reasons, this time of the 
day usually is less suited for observations than the morning. 

A pronounced annual period at a given solar altitude does not appear 
from the observations. It might seem that September and June are lowest, 
but the differences are at any rate much less than at higher latitudes. 

This shows especially if means over three months intervals are taken. 
These are plotted in Fig. 3 as a function of solar altitude, however it 
should be remarked, that the quarter of November, December and January 
contains only observations in January for the reason stated. The half year 
from May till October has a somewhat lower mean than the other half 
year, the difference however amounting to only 7%. We may therefore 


4 we 
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conclude that for the same solar altitude the ultraviolet radiation at 
Bandoeng shows a much smaller annual variation than e.g. at Davos. 
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Fig. 3. Ultraviolet solar intensities, arranged according to solar altitudes. 


Comparing the monthly means, arranged according to hours of the day, 
the differences throughout the year are of course larger, but at noon the 
minimum value, occurring in June, is still 62 % of the maximum value, 
occurring in February. 

For January, March, June and September the dependance on the hour 
of the day is represented in Fig. 4. 

For comparison of the strength of the ultraviolet in Bandoeng with 
temperate regions, Davos is obviously most suited, since for this location 
very accurate data taken with cell Cd II and extending over a long time 
are available. However the difference in altitude between the two locations 
comes in as an unknown factor. We have no accurate data on the 
dependance of the ultraviolet radiation on geographical elevation, and 
those we have diverge. We have therefore made a comparison between 
Arosa (1860 M.), Davos (1560 M.), Bandoeng (760 M.) and Chur 
(590 M.). For Arosa GOTZ 1") has collected accurate data, From these we 
have computed, by means of the ratio Arosa to Chur, as given on p. 48 of 
the paper mentioned under 1), the annual mean for Chur, and have drawn 
in Fig. 5 the four annual means, arranged according to solar altitude. 
Comparison of these four curves shows, that, at a given solar altitude, 


1) Dr. F, PAUL GéTz, Das Strahlungsklima von Arosa, pag. 47. 
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Bandoeng’s ultraviolet intensity, averaged over the year is less above that 
of Chur than corresponds to the difference in elevation. Some values for 
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Fig. 5. Annual means of ultraviolet solar intensity for Arosa, Davos 
Bandoeng and Chur. 
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Chur are even a little above those for Bandoeng. One might conclude 
from this, that the value for Bandoeng would turn out somewhat lower 
than for a place in Switzerland at the same elevation. The differences, 
however are only a few percent and the insufficient material for Ban- 
doeng makes this conclusion uncertain; the accuracy of our observations 
certainly does not reach beyond a few percent. At any rate it seems that 
the annual mean for Bandoeng does not appreciably deviate from that of 
a place of observation in Switzerland at the same elevation and for the 
same solar altitude. We shall return to this in the next paragraph). 

If we take the total sum of light over a year, Bandoeng even fairly 
exceeds Davos, which is easily understood on account of the much higher 
solar altitude. We shall return to this when discussing the strength of 
the diffuse ultraviolet. 

We have refrained from giving separately the intensity of the long wave 
ultraviolet, which minos glass transmits, since, in our opinion, this has little 
value. In this matter we are entirely in accord with a consideration by 
Dr, Levy in a paper on his experiences in calibrating Cadmium cells, 
which is to appear shortly in the ‘““Meteorologische Zeitschrift’, and of 
which he kindly sent us a copy. That our cell, also when used with filter, 
has no constant effective wavelength, follows moreover from the fact, that 
the effective wavelength of our cell with filter is equal to that of cel Cd Il 
without filter, as resulted from the calibrations. And of the latter the 
effective wavelength certainly is not constant. This greatly lessens the 
value of filtered observations with our apparatus as a means of determining 
intensities uninfluenced by extension of the spectrum into the shorter 
wavelengths. The glass introduced by Gorz as a filter which cuts off at 
larger wavelenghts, was better in this respect. 

Though our filtered observations are not of much value as intensity 
determinations, they are of much importance for the determination of 
the reduction factor, and, besides, they make it possible to carry out an 
estimate of the thickness of the ozone layer, with which the following 
paragraph deals. 

Transmission coefficients were determined for the unfiltered light after 
reduction to the Davos scale. The values obtained are very large: for 
January till March on the average 0.53, for June and July 0.52, for Aug. 
till Oct. 0,54. 


The thickness of the Ozone layer. 
§ 4. In order to obtain information on the thickness of the ozone layer, 


1) At the time when our cell had only been compared with CdII up to 35° solar 
altitude, and we could not yet foresee, that the reduction factor would diminish to such 
an extent as afterwards turned out to be the case, our observations seemed to point 
out that the ultraviolet intensity of sunlight in Bandoeng exceeded even that of Davos 
for the same solar altitude. We made a statement to that effect in a communication 
before the Natuurwetenschappelijke Vereeniging in Bandoeng, however making a reserve 
in case the calibration might yield different results. 
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we have followed the method indicated by GOTz1). We may assume that 
the intensity ratio of unfiltered to filtered radiation as given by the 
Cadmium cell, that is the minos ratio, is a continuous function of the length 
of the path in the ozone. Without entering into the nature of this function, 
we may say that, if, for two different measures with the same apparatus, 
the minos ratio is the same, then the length of the path in the ozone is 
also the same. The latter, in its turn, is related in a simple manner to the 
sun's altitude and the thickness of the ozone layer, and thus we may 
determine the ratio of the thickness of the ozone layer for two observations 
having the same minos ratios. 

By this simple method we may determine. 

A. The ratio of the thicknesses of the ozone layer for various periods 
in Bandoeng. 

B. The ratio of the thickness of the ozone layer in Bandoeng and 
Davos at corresponding times of the year, making use of observations with 
our apparatus in Davos by Dr. LEvy. From the mean ozone values which 
are known for Davos, we may therefore make an estimate of the thickness 
of the ozone layer at Bandoeng. 

Of course the accuracy of this method cannot come anywhere near 
that of the ultraviolet spectrograph of DOBSON, but nevertheless it gives 
a certain estimate which may provide a useful contribution on the thickness 
of the ozone layer in the tropics and its variation throughout the year. 

As regards A, we have plotted in Fig. 6 the four means of the minos 


10 LS tis 18 2.0 (COSECK. 


Fig. 6. Means of the minos ratio for three months intervals as functions 
of the cosec. of the sun's altitude. 


1) Dr. F. PAUL Gétz, Das Strahlungsklima van Arosa, pag. 56. 
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ratio for three months intervals as functions of the cosec. of the sun's 
altitude (a). If we find that the minos ratio at a, for the one 
curve corresponds to that of a, for the other, then we must have 
d, cosec. a,==db cosec. ay (d is the thickness of the ozone layer). 

For the thickness of the ozone layer expressed in that for May to June 
as a unit, we find from August to October at minos ratios 7, 8, 9, 10, 11, 
the thicknesses 0,98, 0,97, 0,97, 0,97, 0,97, mean 0,97. For January (Nov. 
and Dec. are left out), we find in the same way 0,82, 0,85, 0,87, 0,86, 0,85, 
mean 0,85, for Febr, to April resp. 0,93, 0,94, 0,95, 0,95, 0,97, mean 0,95. 

These observations point therefore, in agreement with Dosson’s!) 
results to a small variation of the thickness of the ozone layer throughout 
the year and fit in rather well between the observations at 10° northern 
and 22° southern latitude. 

B. From Davos we obtained means of minos ratios from January to 
May and from August to October taken there with our cell and minos 
glass. For the sake of comparison we have also taken means of Bandoeng 
observations for the same intervals. Only for part of the minos ratios 
comparisons of the ozone layer can be made, since the large minos ratios 
do not occur in Davos, and the small ratios in Bandoeng have little 
accuracy, whereas moreover minos ratios in Bandoeng are higher than in 
Davos for the same solar altitudes. 

Comparing the curves of January to May for Davos and for Bandoeng, 
we conclude that for each of the minos ratios 5, 6 and 7 the ozone layer 
in Bandoeng is 68 % of that in Davos. 

Comparison of the curves for August to October gives for minos ratios 
8, 9 and 10, an ozone layer at Bandoeng which is 94 %, 91 % and 90 % 
of that in Davos, average 92 %. 

If we take for the mean thickness of the ozone layer in Davos the 
value determined by GOrTz in Arosa!) we find as mean for January to 
May 3.33 m.M. and for August to October 2.79 m.M. For Bandoeng these 
two values become therefore 2,26 and 2,57 m.M. Taking into account the 
inaccuracy of our method, these values also agree rather well with those 
published by Dopson'), 

Indeed, in spring the ozone layer in Davos turn out to be appreciably 
thicker than in Bandoeng, in the autumn the difference is not large. 

In Fig. 7 the annual mean of the ultraviolet intensity for Bandoeng and 
the September mean for Chur are drawn, arranged according to solar 
altitudes (derived in the same way as described above). By this procedure 
periods of approximately the same thickness of ozone are compared. The 
month of September was chosen for Chur, because this month being in 
the period of thinner ozone layer, yet has rather large solar altitudes. 
In this case the line for Chur runs appreciably higher than that of Ban- 
doeng. We may conclude that in periods of about equal ozone layer, 


1) Dr. G. M. B. Dosson, Nature, May 2, 1931, pag. 668. 


Proceedings Royal Acad. Amsterdam, Vol. XXXV, 1932. 
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Bandoeng has, for a given sun's altitude, somewhat less ultraviolet than 
exists in Switzerland at the same elevation. Perhaps this may be explained 
by the lenze shape of the atmosphere, as DOoRNO supposes. 


el eae 
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Fig. 7. Annual mean of the ultraviolet solar intensity for Bandoeng and the 
September mean to Chur, arranged according to solar altitude. 


In conclusion we wish to express our very sincere thanks to Professor 
Dorno for his generous help and advice, and to Dr. MORIKOFER and 
Dr. Levy for the great pains they have taken for the calibration of our 
cells. 


Physics. -— On.the ZEEMAN-effect in the arc spectrum of Nickel. 
By C. J. BAKKER. (Communicated by Prof. P. ZEEMAN.) 


(Communicated at the meeting of January 30, 1932.) 


§ 1. Introduction. In his important paper on the extension of the 
analysis of the Nickel arc spectrum H. N. RUSSELL1) remarks in his 
conclusions, that the ZEEMAN effect in this spectrum offers an extensive 
field of work; it may be anticipated that many g-values will be abnormal, 
especially for the higher terms, but this should be important in studying 
the changes of coupling of the vectors which are involved. 


1) H.N. RUSSELL, Phys. Rev. 34, 821, 1929. 
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The present paper records the ZEEMAN effect of lines in the Nickel arc 
spectrum, classified mostly as combinations of the lower terms in the 
energy scheme. It will appear that even among those terms anomalous 
g-values occur, obeying PAULI’s well known g-sum rule. 


§ 2. On the term scheme of Ni. I. Though more than one thousand 
spectral lines belonging to the Nickel arc spectrum are known, indicating 
its high complexity, it has been shown by the spectroscopists, who 
successively have worked on the analysis of this spectrum, that the 
structure is regular in so far that every observed term fits into the scheme 
predicted by HunpD’s theory!). 

Nickel has the atomic number 28, corresponding to the 28 electrons 
surrounding the Nickel nucleus. 18 of those 28 electrons form together 
a so-called Argon core, consisting of the completed shells 1s, 2s, 2p, 3s 
and 3p. The remaining electrons especially are of spectroscopial interest. 

This communication reports the ZEEMAN effect of the strongest Ni arc 
lines, ranged from 4000 to 3000 A and being combinations of low lying 
term groups. These low lying term groups arise from the configurations 
3d8.452, 3d9.4s and 3d9.4p, formed by the ten remaining electrons. The 
terms arising from those configurations are given in the following scheme. 


Electronic configuration | Terms 


Is. | 2s 2p | 3s 3p 3d | 4s 4p 


Zz 2 6/2 © | 2 d8s? igi (2 G&D Ss 
2 2 6 | A © 1 ds D D 


2 2 GO| 2 @ 1 dp peace eo 


Important intensity anomalies in the Ni arc spectrum are of interest 2). 


§ 3. Preceding observations on the ZEEMAN-effect of Nickel. Shortly 
after Prof. ZEEMAN’s discovery in 1896 of the influence of the magnetic 
field on the emission of light REESE%) investigated the ZEEMAN effect 
of several metals and among them of 19 lines of Nickel. REESE's work was 


1) BF. M. WALTERS, J., Wash. Acmom semis osm 1925; 
K. BECHERT and L. A. SOMMER, Ann. der Phys. 77, 351, 1925. 
K. BECHERT, Ann. der Phys. 77, 538, 1925. 
W. F. MEGGERS and F, M. WALTERS, Sc. Pap. Bur. of Stand. 22, 205, 1927. 
A. C. MENZIES, Phil. Mag. 6, 1210, 1928. 
H. N. RUSSELL, loc. cit. 
2) L. S. ORNSTEIN and T. BOUMA, Phys. Rev. 36, 679, 1930. 
3) H. M. REESE, Astr. J. 12, 120, 1900. 
6* 
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continued by Kenr1), The resolution obtained by these authors was not 
large. These first observations have been followed by several others, 
among which may be mentioned those of PETERKE 2), GRAFTDIJK 3), 
TAKAKASHI4) and YAMADA). None of these observations however permits 
of fixing the g-values. LUrria®) made measurements on lines in the 
visible part of the spectrum by means of an échelon transmission spectro- 
graph. His measurement of the line 5477 agrees with that given in the 
present paper. In his paper on the ZEEMAN effect of the Palladium spec- 
trum BEALS7) gives reproductions of the Nickel lines 3597 and 3722, 
both lines showing resolutions in agreement with their classification. 


§ 4. Experimental part. The magnet used for the present investigation 
was the same WEISS electromagnet as used in previous investigations in 
Prof, ZEEMAN’s laboratory’), The field strength has been measured in 
the usual way by means of the ZEEMAN effects of the Zinc triplet 4810, 
4722, 4680 and of the Cadmium triplet 5086, 4800, 4679 or of the Alu- 
minium ground doublet 3961, 3944. The field strength amounted to 40.000 
Gauss. 

As a light source the interrupting spark of a so called “vacuum trem- 
bler’’ — constructed in this laboratory by VAN DER MARK and VAN DER 
ZWAAL 2) == has been used. It is a modification of BACK’s well known 
“Abreissbogen”, in such a manner that BACK’s mechanical arrangement 
for moving the tungsten electrode has been discarded. A description has 
been given elsewhere 10). 

In order to excite the Nickel spectrum the fixed electrode consisted of 
little bars of the required small dimensions (about 25 & 2 « 2.5 mm.) 
sawn out of so called “Bright Ray” being mainly composed of 80% Ni 
and 20 % Cr., with impurities of Fe, Cu, etc. This “Bright Ray’ has the 
property that the Nickel in it has lost its ferro magnetic behaviour. 

The spark was produced in Hydrogen of low pressure (2 or 3 cm.) 
that was passing slowly through the vacuum box, enclosing the pole pieces 
of the magnet, In this way small leakages, which are sometimes inevitable, 
gave no trouble. The trembler is operated for Ni on 70 Volts dc. 


1) N. A. KENT, Astr. J. 138, 289, 1901. 
Johns Hopkins Un. circ. 20, 82, 1901. 

2) C. PETERKE, Halle Inaug. Diss., 1909. 

3) J. M. GRAFTDIJK, Thesis Amsterdam, 1911. 

4) Y. ‘TAKAKASHI, J. Col. Sc. Tokyv 41, Art. 8, 1921. 

5) K. YAMADA, J. Col. Sc. Tokyv 41, Art. 870, 1921. 

6) O. LiTTiGc, Ann. d. Phys. 38, 43, 1912. 

7) C. S. BEALS, Proc. R. S. London A 109, 369, 1925. 

8) These Proceedings 31, 780, 1928; 32, 515, 1929; 32, 565, 1929. 

9) S. GOUDSMIT, J. v. D. MARK and P, ZEEMAN, Proc. R. S. Amsterdam, 28, 
WME, I Pzey. 

0) C. J. BAKKER, Archives Néerlandaises, serie Illa, tome XIII, pag. 121, 1931. 
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A condensing quartz fluorite lens produced an image of the spark on the 
slit of the grating mounting. 

The differently polarized components in the ZEEMAN types were separ- 
ated by using a calcspar rhomb (thickness 2 cm.) placed before the 
quartz window of the vacuum box and giving two well separated opposi- 
tely polarized images of the spark on the slit of the grating mounting '). 

The observations have been made with a large 6 inch Rowland grating, 
ruled 14.437 lines per inch and with a radius of curvature of 20 feet. The 
grating was in an Eagle mounting. Nearly all measurements have been 
made in the 3° order, giving a dispersion of about 0.8 A/mm. Some weak 
lines have been measured in the 2"¢ order only. The duration of exposure 
ranged from 10 minuits for strong lines to 3 hours for the weaker lines. 
Fig. 1 gives photograms of the ZEEMAN effect of 3 lines, showing good 


\ | i | 
Nive OS 


A= 3510:34 j= SOON A= EAM 
Fig. 1 


resolution. The photograms are made with a ZEISS photometer with an 
enlargement of 26:1. 


§ 5. ZEEMAN-Effects of Ni lines. Table 1 includes the ZEEMAN-effects 
of Ni lines present on the plates and which are of interest to determine 
the g-values of the terms of the configurations 3d9.4s and 3d9.4p. The 
first column gives the wave lengths in Int. Angstrom units taken from 
Hamm2). The second column denotes the classification according to 
RUSSELL’s paper?). The third column gives the ZEEMAN effects, where 

L — ZEEMAN effect calculated after LANDE’s g-formula. 

obs. — observed ZEEMAN effect. 

calc. — ZEEMAN effect calculated with anomalous g-values. 

The fourth column refers to the g-values according to LANDE's formula 
(LANDE) and to those which, according to well known methods, can be 
calculated from the observed ZEEMAN effects (obs.) 4). 

It may be noticed that a number of ZEEMAN effects have not been 
completely resolved. Nevertheless those unresolved types are of interest 
to show that the observed type is in accordance with the type calculated 


1) P, ZEEMAN, Researches in Magneto-Optics, Ed. Mac. Millan, pag. 47. 
2) S. HAMM, Zs. f. Wiss. Phot. 13, 105, 1914. 
3) H. N. RUSSELL, loc. cit. 
E. BACK IN BACK—LANDé, Zeeman-effekt und Multiplettstruktur, p. 152—184. 


C. J. BAKKER, loc. cit. 
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d9s 1D,—d9p 3F3 


ds 1D,—d°p 3D 


d8s?3F,—d% 3P, 


d9s 1D2—d%p IF; 


d8s? 3F,— dp 3D2 


d9s 3D,— d2p 3P, 


d9s 3D;—dp 3P, 


d8s? 3F;—d9p 3F3 


d9s 1D,—d%p ID, 


d9s 3D3— d°p 3P, 


d9s 3D,—d9p 3P3 


ds 3D, —d%p 3P 


d8s2 3P;_d%p 3D, 


d9s 3D),— dp 3P, 


TABLE I. 
a etter i 
gx gy 
ZEEMAN-effect F ra aes E 
e/£/8/2 
5 ° ise) ° 
I] | 
(0.00) 1.00 | 
(0.00) 1.015 %y | % }1.00)1.02 
(0.00) 1.02 | 
(0.00) (0.08) (0.17) 0.92 1.00 1.08 1.17 1.25 
(0.00) 1.16 1.00}1.01]1.08]1.08 
(0.00) (0.07) (0.14) 0.94 1.01 1.08 1,15 1.22 
(0.17) (0.33) 0.83 1.00 1.17 1.34 
(0.00) 1.03 1.00}1.01/1.17}1.03 
(0.02) (0.04) 0.99 1.01 1.03 1.05 
(0.00) (0.83) 0.17 0.67 1.50 
(0.00) (0.76) 0.00 0.68 0.67/0.67|1.50}1.43 
(0.00) (0.76) 0.09 0.67 1.43 
(0.00) 100 
(0.00) 1.07 1.00]1.01]1.00]1.04 
(0.00) (0.03) (0.06) 0.98 1.01 1.04 1.07 1.10 
(0.50) (1.00) 0.17 0.67 1.17 1.67 
— (0.73) — 0.681.05 — 0.67/0.67|1.17|1.03 
(0.36) (0.73) 0.30 0.67 1.03 1.39 
(0.33) (0.67) 0.83 1.17 1.50 1.83 
(0.33) (0.67) 0 82 1.15 1.49 1.83 1.17/1.15]1.50)1.49 
(0.34) (0.68) 0.81 1.15 1.49 1.83 
(1.00) 0.50 1.50 
(0.93) 0.50 1.43 0.50/0.50|1.50]1.43 
(0.93) 0.50 1.43 
(0.00) 1.08 
(0.00) 1.08 1.08/1.08]1 08]1.08 
(0.00) 1.00 
(0.97) i .03° 1.00/1.01!1.00/1.06] - 
(0.05) (0. 0) 0.96 1.01 1.06 1.11 
(0.00) (0.17) (0.33) 1.00 1.17 1 
(0.00) (0.15) (0.30) 1.02 1.17 -33]1.33}1.50]1.49 
(0.00) (0.15) (0.31) 1.02 1.17 
Pe (0.08) (0.17) 0.92 1.00 
0.00) 1.02 1.17/1.15]1.08|1.08 
(0.00) (0.07) (0.14) 0.94 1.01 1.08 1.15 1.22 
(0.00) 0.50 
(0.00) 0.50 0.50|0.50) 9p | 0/p 


(0 00) (0.08) (0.17) 0.92 1.00 
(0.00) 
(0.00) (0.05) (0.10) 0.98 1.03 


(0.00) (0.33) 
(0.00) (0.27) 
(0.00) (0.28) 
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TABLE I (Continued) 


Termcomb. 


xX>=Y 


3483.78 |d8s? 3F,—d%p 3D, 


3472.55 |d9s 3D2—d°p 3D3 


3458.47 |d9s 3D;—dp 3F, 


3446.26 |d9s 3D .—d%p 3D, 


3423.71 |d%s 3D,—d9p 3D, 


3414.77 |d°s 3D3—d%p 7F, 


3392.99 |d%s 3D3;—d%p 3D3 


3391.05 |d8s? 3Fy—d9p 3Fq 


3380.58 |d9s 1D.—d9p !P, 


3369.58 |d8s2 3Fy—d9p 3D; 


gx dy av) 
ZEEMAN-effect —— c 
ca ere lege 
rs -Q S ira} [a4 
ea =) 
ie (0.17) 0.50 0.67 0.83 
0.00 0.76 0.67|0.67/0.50|0.55| 16 
(0.00) (0.12) 0.55 0.67 0.97 ) 
Hed (OR17) (0233) els OORUNIZe lessee 5001767 
.00 1.55 1.17]1.15]1.33/1.29] 17 
(0.00) (0.14) 0.28) 1.01 1.15 1.29 1.43 1.57 
(0.00) (0.17) 0.50 0.67 0.83 
(0.00) (0.24) 0.50 0.74 0.98 0.50/0.50/0.67|0.74| 18) 
(0.00) (0.24) 0.50 0.74 0.98 
(0.00) 1.17 
0.20 1.09 1.17]/1.15]1.17]1.03] 19) 
(0.12) (0.24) 0.91 1.03 1.15 1.27 
(0.00) 0.50 
(0.00) 0.525 0.50/0.50/0.50|0.55} 20) 
(0.05) 0.50 0.55 
(0.00) 0.08) 0.17) (0.25) 1.00 1.08 1.17 1.25 1.33 
(0.00) 1.16 (1.42 1.50 |1.33]1.33/1.25]1.25| 21) 
(0.00) 1.33 
(0.00) 1.305 1.33]1.33]/1.33/1.29] 22 
(0.04) (0.09) (0.13) 1.20 1.25 1.29 1.33 1.38 1.42 
(0.00) 1.25 
(0.00) 1.25 1.25/1.25]1.25/1.25] 23) 
(0.00) 1.00 
(0.00) 1.01 1.00}1.01]1.00/1.02] 24) 
(0.00) (0.U1) 1.00 1.01 1.02 
(0.00) (0.08) (0.17) (0.25) 1.00 1.08 1.17 1.25 1.33 
(0.00) 1.19 [1.42 1.50 |1.25]1.25/1.33]1.29] 25) 
(0.00) (0.04) (0.08) (0.12) 1.13 1.17 1.21 1.25 1.29 


1) Sharp triplet. In 2.4 order only. 
2nd 


2) Shows correct type. In 


order only. 
3) Sharp triplet. In 24 order only. 


4) Observed o-comp. 0.00is clearly 
enlarged. In 294 order only. 


5) Shows correct type. 


6) In 3rd order the strong 2-comp. 
0.73 could be measured only. 
Both the obs. a-comp. have 
been measured in 2d order. 


Merb ee 


REMARKS. 


7) In 3rd order all ~-comp. and 
two strongest 6-comp. could be 
measured. In 2d order all 
o-comp. are present. 


8) Sharp sextet. 

9) Sharp tpiplet. 

10) 

11) Well resolved type. The wea- 


kest o-comp. could not be 
measured. 


12) Shows the correct type. 

13) Sharp triplet. See Fig. 1. 

14) Shows the correct type. 

15) Well resolved type. See Fig. 1. 


All components are enlarged. 


16) Weak in 34 order. 


17) Shows the correct type. Weak 
in 34 order. 
18) Well resolved type. See Fig. 1. 
19) All components are enlarged. 
20) Rather sharp triplet. 
) 


21) Shows the 
triplet type. 


correct pseudo- 


22) All components are enlarged. 
23) Sharp triplet. 
24) Sharp triplet. 

) 


25) Shows the 
triplet type. 


correct pseudo- 
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with the aid of the g-values determined from other combinations. The 
line 3500.85 d8.s2 83F,—d9.p 3Dz is an example of this. The ZEEMAN effect 
calculated according to LaNDE’s formula would show o-components, if 
unresolved, with decrease of intensity to the outside. The ZEEMAN effect 
calculated by means of g==1.08 for d8.s?3F; and g— 1.03 for d9.p 3Do, 
both g-values determined from other lines, shows o-components, if unre- 
solved, with decrease of intensity to the inside. The latter is really obser- 
ved, Secondly it sometimes is possible to deduce from an unresolved type, 
if the g-value of one of the combining terms is known, the g-value of the 
other term with considerable accuracy 1). 

In the spectral region investigated separations less than 0.15 times the 
normal magnetic separation distance could not be resolved, so causing the 
observed g-values in most cases to have an uncertainty of 0.01. 

The last column in table 1 contains the remarks to the observed types. 
If an observed and unresolved type is in accordance with the calculated 
type, as to decrease of intensity in the components it is remarked that it 
shows the correct type. If the ZEEMAN effect of a line has been observed 
in the 24 order only it is especially noted. 

It is well known that the ZEEMAN effect can show whether a spectral line is 
masked by another one. This is clearly observed in the Ni spectrum for 
the lines 3674.11, 3548.19 and 3433.57. These lines are also given in 
RUSSELL’s list with double interpretation. 


§ 6. Table II and III include the terms of the configurations d9.s and 
d9.p. For those configurations the g-values of the whole set of terms 
could be determined. The relative termvalues, given in column 2, refer to a 
value 0.00 for the term d8.s23F4, which is the lowest lying term in the 
Nickel arc spectrum. The absolute term values can be obtained by adding 
61579 to the relative term values in accordance with RUSSELL’s datum of 
the ionisation potential of Ni I (7.6 Volts). 


TABLE II. 
Ee = SS 
Relative Term g-values 
Term , diff 
ter 
m value ifference LANDE Observed 
a a a 
d9s 3D; 204.82 1.333 1233 
675.00 
d9s 3D, 879.82 1.166 1.15 
833.29 
ds 3D, 1713.11 0.500 0.50 
ds 1D, 3409.95 | 1.000 1.01 


1) A. G. SHENSTONE and H. A. BLAIR, Phil. Mag. 8, 765, 1929. 
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TABLE Ill. 
Te Relative Term g-values 
rm 
term value difference LANDE Observed 

dp 3P, 28569 . 30 | 1.500 1.49 
931.45 

d°p 3P, 29500 .75 1.500 1.43 
691.55 

d°p 3Pp 30192.30 0/9 O/p 

d?p *F4 29480.96 1.250 E25 
= LOOmot 

dp 3F3 29320.75 1.083 1.08 
1298.65 

d°p 3F2 30619 .40 0.666 0.74 

d°p 3D3 29668. 89 1.333 1.29 
219.58 

d%p 3D 29888 .47 1.166 1.03 
1024.40 

d%p 3D, 30912.87 0.500 0.55 

d°p 1B 31031 .02 1.000 1.04 

d%p 1D, 31441 .64 1.000 1.06 

d%p IP, 32982 .30 1.000 1.02 


A quantum mechanics perturbation theory may be applied, according 
to LAPORTE and INGLIS!), to the terms of the configuration d%.s, From 
the position of the terms the g-values g3D,==1.152 and g3D, 1.015 


TABLE Ill. Configuration (3d)? 4s. 


en ——— 


(SL) coupling Nil (JJ) coupling 
Calc. Obs Calc. 
Term Structure 
g-value g-value g-value 
2 3D3 1333 1233; 33 ade). + si), 
( 3D? 1.166 LenS 1.100 = ds, + Si, 
2 ; 
CeD; 1.000 1.01 1.066 =d, + sy, 
ae + 4 + 
g-sum 2.166 2EL6 2.166 
lis! 3D; 0.500 0.50 0.500 —dy), + Sy, 


1) ©. LAPORTE and D. R. INGLIS, Phys. Rev. 35, 1340, 1930. 
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are calculated. The experimental g-values are in good agreement with these 
calculated values as may be seen from table II. 

In table III and IV the terms are arranged in such a way that terms 
of equal value of the total impulse moment J are grouped together. Accor- 
ding to PAULI's g-sum rule one expects that the sum of the g-values of 
the terms of such a group is independent of the coupling which is involved. 
Therefore this sum must be equal to the sum of LANDE’s g-values for 
these terms. It is seen that within the experimental errors this rule holds 
very well. 

The last column shows the g-values calculated for (JJ) coupling. The 
structure has been taken from Mack 1), who derived it from the compa- 


TABLE IV. Configuration (3d)? 4p. 


(SL) coupling | Nil | (JJ) coupling 
7 Calc. | Obs. Calc. | 
ee g-value g-value g-value | SGC 
J=4 5h, 1.250 2 1.250 —ds, -F Po), 
5R3 J .083 1.08 eelabal dit Pa 
less 3D3 1h Shake} 1.29 239) — ds), + Ps, 
IB, 1.000 1.04 1.066 —ds), + Ps), 
+ + —F+ : 
g-sum 3.416 Bsa 3.416 
] 3D, | 1.166 1.03 0.76608) Needaier py 
ID, 1.000 1.06 1.066 dae Ps/ 
2 2 
+ + + 
g-sum Ao S2, if OY? 42332 
\ Ip, 1.000 1.02 1.100 — ds), + ps 
j= lee 1.500 1243 0.834 —ds, + py 
2 2 
3D 0.500 0.55 1.066 = dey Ps 
n Pa er a 2 2 
g-sum 3.000 3.00 3.000 
=i) 3 0 
J Po /o %o % —dy), ++ Pay, 


1) J. E. MAcK, Phys. Rev. 34, 17, 1929. 
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rison of the iso electronic systems Ni I, Cu II, Zn III, Ga IV and Ge V. 
For Ni I the g-values interpose between the LANDE g-values and those 
calculated according to (JJ) coupling, as may be seen from the tables. . 


The author is indebted to Prof. ZEEMAN for his interest and advice 
during this investigation, 


Laboratory “Physica” of the University. 
Amsterdam, Jan. 1932. 


Physics. — An X-ray Investigation of the n-mono-alkyl malonic Acids. 
By D. CosTEeR and A. v. D. ZIEL. (Communicated by Prof. 
J. G. VAN DER CORPUT.) 


(Communicated at the meeting of January 30, 1932.) 


As is well known, several series of organic compounds (fatty acids, 
paraffines) when investigated by X-rays, show the existence of a long 
spacing which increases proportionally to the number of C-atoms in the 
molecule. Very often in those compounds a phenomenon of alternation has 
been observed: the spacing of the molecules with an odd number of C- 
atoms not lying midway between the spacings of the adiacent molecules 
with an even number of C-atoms, but those with an even number as well 
as those with an odd number of C-atoms forming a series of their own. 
Also as regards other properties: melting point, solubility, heat of com- 
bustion, analogous alternating phenomena have been observed 1). 

Prof. VERKADE at Rotterdam proposed us to investigate by means of 
X-rays a series of n-mono-alkyl malonic acids used in his own work in 
order to make sure in how far a parallelism between the change in grating 
constant in this series and other properties investigated by him exists. 

The work was done with a vacuumspectrograph of a slightly modified 
type. The crystal table was fixed to the cover of the spectrograph. This 
cover turned with a cone on the body of the spectrograph, its position 
could be read on a scale with a vernier, The distance from the slit to the 
axis of the spectrograph or from the axis to the photographic plate was 
6,18 cm. The preparation was brought in a thin sheet on a glass strip 
which was fixed on the crystal table. The thin sheet was made by first 
dissolving the substance in water (the lower members of the series) or in 
alcohol, aceton or ether (the higher members) and pouring a little of the 
solution on the glass strip. The thickness of the sheet which remained after 


1) See e.g. P. E. VERKADE, H. HARTMAN and J. Coops, Rec. trav. chim. Pays Bas, 
45, 373; 1926. 
P. E. VERKADE, J. Coops and H. HARTMAN, ibidem 45, 545, 1926. 
P. E. VERKADE and J. Coops, ibidem 46, 903, 1927. 
P. E. VERKADE and J. Coops, ibidem 49, 568, 1930. 
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the liquid was evaporated was not more than 0,1 mm. This sheet of the 
preparation works as a reflecting crystal in the BRAGG camera, It was first 
brought in the axis of the spectrograph, the zero position was determined, 
then it was turned into the right position for reflection. During the ex- 
posure it was oscillated over an angle of about 0,3° on both sides of the 
angle of BRAGG reflection. As the glass strip was always fixed in the same 
way on the crystal table, the adjustment as well as the determination otf 
the zero position had only to be done once. 

The grating constants were calculated from the first and second order 
spectral lines at the same side of the direct beam. In order to control the 
identification of the spectral lines, also the first order reflections on both 
sides of the direct beam were taken on another plate. The lines were in 
general less sharp than those obtained by the same method with fatty 
acids. This means that the individual crystals are not so well oriented with 
their reflecting planes parallel to the surface of the glass as in the case of 
the fatty acids. Therefore it was necessary to make the beam of X-rays 
very narrow (the divergence of the beam was not more than 14 degree) 
so that the reflection takes place only on a small part of the preparation in 
the neighbourhood of the axis of the spectrograph. 

The results are given in table 1 and Fig. 1. 


TABLE 1. 
C, H., + ; CH(COOR), Grating constant 
Value of 
HENDERSON 
n= 1 methyl 5.07A U 
2 ‘ethyl Jes oe 7.36 
3n . propyl 8.50. 8.70 
4n . batyl o°71 eee 9.83 
5n. amyl ORS Zar, 
6n. hexyl WAS) 
7n . hepty! (2.44... 12.78 
8n . octyl ban Sar 
9n . nonyl 400 tare 
10n. decyl MOS! apy 
lin. undecyl GR O2 ane 
12n . dodecyl NOC A: 
13n . tridecyl L909, 
14n . tetradecy] Ze Sie ewer 


23 


We estimate the accuracy of our numbers to be about 3 9/9 tor the 
members of the series higher than Cz and about 5 °/, for the lower ones, 
where the lines are still more diffuse. 

In the third column the values found by HENDERSON!) are inserted. 
They differ slightly more from our values than the limit of experimental 
error for our numbers. Besides HENDERSON has measured Cg, for which 
he finds 25.59 A, in good agreement with the value 25.67 extrapolated from 
our numbers. From his data HENDERSON has already drawn the con- 
clusion, that in the case of the n-mono-alkyl malonic acids there is only 
one molecule between successive reflecting planes. This conclusion is 
confirmed by table 1. For the higher members of the series the spacing 
increases on the average with 1,13 A per CH.-group, whereas in the case 
of the fatty acids, where two molecules are supposed to be between two 
successive identity planes, this increase is about 2,3 A. From this the 
conclusion may be drawn that in the case of the n-mono-alkyl malonic acids 
the two active carboxyl groups of the same molecule are saturated by one 


A < <C 
20; va 430 
420 
iS 
410} 
40+ 
100} 
>| 
30! 
ae —E— eee ee eee ——. a eee. ee ee ee el ee oe 
i a 40 1 ae BOG 5 10 1 


Fig. 


The grating constant 
number of C-atoms in 


as a function of the 
the alkyl group of 


the n-mono-alkyl malonic acids. 


Fig. 2 
Melting point of the n-mono-alkyl malonic 
acids as a function of the number of C-atoms 
in the alkyl-group. 


another, whereas in the case of the fatty acids, where two molecules are 
placed head-on between the identity planes, the carboxyl groups of two 
successive molecules are saturated by one another. 

Fig. 1 reveals a new interesting fact: beginning with C, the higher 


1) EF. HENDERSON, Proc. Roy. Soc. of Edinburgh 48, 20, 1927—'28. 
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members of the series show the phenomenon of alternation in grating 
constant for the odd and even numbers as discussed above. The lower 
members, however, do not show such alternation; they form a series of 
their own which is different from the odd as well as from the even higher 
members. It is a very curious fact that the lower members of the series 
cannot be regarded as a continuation of the higher members, the latter 
forming a series beginning with Cy. The same feature is also shown by 
other physical properties. This is clearly brought out by the figures 2, 3 
and 4. The data with the help of which these figures were constructed are 
taken from the work of VERKADE and Coops'). Fig. 2 shows an alter- 
nating series with a melting point increasing on the average for the higher 
members beginning with Cy, whereas the lower members form a series 
of their own with a melting point decreasing on the average as the number 
of C-atoms increases. 


gram gram 
400CM | 100 Cm 
0.800; 2000; 
(0.400) 

0.600 
0.400; 100.0 
‘ (0.200) 
! 

0:200fF 
0 S 40 pn 0 

Bigaas Riguas 


Solubility of the n-mono-alky! malonic 
acids in benzene as a function of the 
number of C-atoms in the alkylgroup. 


Solubility of the n-mono-alkyl malonic 

acids in water as a function of the 

number of C-atoms in the alkyl group, 

As the solubility for the higher members 

beginning with Cg, is very small, for 

these the curve is drawn on a larger 
scale (dotted line). 


An analogous aspect is met in Fig, 3. The higher members form an 
alternating series beginning with C, with on the average decreasing solub- 
ility in benzene as the number of C-atoms increases. With the lower mem- 


1) P, E. VERKADE and J. Coops, Rec. trav. chim. Pays Bas 49, 568, 1930, 
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bers, however, on the average the solubility increases as the number of C- 
atoms increases. An anomalously large maximum is shown by C;. 

A slightly different behaviour for the solubility in water is shown in 
Fig. 4. Here the phenomenon of alternation is not shown by the higher 
members, but they behave also quite differently from the lower members 
in as much as the solubility is very great for the latter ones and very small 
for the former ones. 

As is seen from Fig. 1 the grating constant of methyl malonic acid is 
smaller than the value obtained by a linear extrapolation from the con- 
stants for the acids Cy, Cs, Cy and C;. Also in other respects C, behaves 
different from the other lower members of the series, From Fig. 2 e.g. we 
see that in general the lower as well as the higher members alternate in 
melting point. If C, should do the same, its melting point had to be lower 
than that of C, whereas as a matter of fact it is higher. An analogous con- 
clusion may be drawn as regards the solubility (see Fig. 3 and 4). It 
therefore seems, that C, hardly belongs to the series of the lower mem- 
bers, but that this series only begins with Cy. 

The preparations of Prof. VERKADE appeared to be very pure. At any 
rate, in general, no other long spacings were found than those inserted in 
table 1. An exception will be discussed further on. The lines which appeared 
most clearly on the plates were the copper Ka and Kf lines (a copper 
antikathode was used in the X-ray tube). As a tungsten hot wire kathode 
was used and the tungsten was sputtered on the antikathode, also the La 
and Lf-lines of tungsten appeared on the plates but usually rather weak. 
The lines are clearly seen on the photometercurves (see Fig. 5). Because 
of the small dispersion the La-line of tungsten is not separated from the 
Cu Ka line; it is only seen as an asymmetry in the latter1!). For the same 
reason the Lf, and Lf, line of tungsten could not be separated. The large 

lackening to the right is the direct beam. Between this and the lines 
already referred to, very often another group of lines of variable intensity 
is found. They point at a grating constant about two times as large as 
those of table 1. 

Now it is well known that many organic acids are decomposed under 
the influence of light2). Malonic acid e.g. decomposes into acetic acid 
and carbon dioxide?). To test this point for the acids in this paper we 
mounted a strip of glass with a certain preparation, say Cg, in the X-ray 
spectrograph and determined the spectrum. Then the preparation was 
exposed to the mercury arc or to sunlight, and again an X-ray spectrum 
was taken. To make sure that the same part of the preparation was 
responsible for the X-ray spectrum before and after the treatment by light, 
the cover of the spectrograph with the crystal table was taken from the 


1) Naturally the dispersion is far too small to separate the two components of the Ka-line. 

2) See KISTIAKOWSKY “Photochemical Processes’’ The Chemical Catalog Co. Inc. 
New York 1928, p. 146, 229. 

3) VOLMAR, Compt. Rend. 180, 1172, 1925. 
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X-ray spectrograph for this treatment and care was taken that nothing in 
the adjustment of the glass strip with the preparation was changed. The 
Fig. 5, 6, 7 and 8 are photometercurves taken from spectra made with the 
same preparation Cg in the same position but respectively exposed to 
sunlight or the light of the mercury arc. 

From the Fig. 5, 6, 7 and 8 it is clearly shown that the n-mono-alkyl 
malonic acid Cg gradually changes by photochemical reaction into another 
substance with much larger grating constant. A comparison of Fig. 7 and 
Fig. 8 shows that sunlight with a lower limit of wave-length of about 


3300 A works equally well as the mercury quartz arc in which much 
shorter wave-lengths play an important part. The rather small difference: 
between fig. 5 and 6, though a vigorous treatment with light took place 
before the spectrum 6 was taken, is a little surprising at first. The same we 
observed in all other cases, where we studied the photochemical reaction 
in this way: In the beginning the change takes place very slowly, if once 

however, the new spacing is a little stronger, then it grows more intense 
in a comparitivily short time. It seems to us that this peculiarity is caused 
by the method itself. We may assume that in the beginning the photo- 
chemical reaction will take place at random throughout the preparation 
just were a light quantum happens to be absorbed. But by the method of 
X-ray reflection no single molecule can be detected but only crystalline 
aggregates of several thousands of molecules of the same kind. We thus 
understand why in the beginning the new grating appears so slowly; it is 
because there are perhaps many single molecules but not enough crystalline 
aggregates to give good reflections. 

On the other hand it is a curious fact, indeed, that the lines of the 
anomalous large spacing as well as of the old normal spacing are rather 
sharp on fig. 7 and 8. From this we may conclude that the individual 
crystals which give rise to the reflections in question must not be too small 
(say at least hundred reflecting planes). This curious fact proves that the 
molecules with anomalous large grating are not distributed at random 
between the original molecules, but are more or less concentrated in rather 
large aggregates. So far as we see, this may be explained in two different 
ways: It is possible that they are formed at random throughout the 
substance and by diffusion combine to larger aggregates. Or it might be 
that the new molecule acts as a kind of catalyser for the photochemical 
reaction in question. The first supposition seems us to be the most probable. 

The same photochemical process was studied in the same way with Cy., 
Cy and C,,. As the results were mutatis mutandis the same, we need not 
to go into further detail. As the cause of the appearance of the anomalous 
large grating now was known, we worked with the preparations in the 


dark. In this case we really succeeded in getting photographs without the 
anomalous large spacings. 


Another question is, if the X-rays themselves show a photochemical 


malonic 
acid 


large 
spacing 


lmatep, 5) 
Before the treatment with light. The 
anomalous long spacing is visible, but 
rather weak. 


fa 
malonic el 
acid. large 
spacing 
Fig. 7 


Again exposed during 6 hours to the 
light of the mercury arc. The anomalous 
long spacing is much stronger. 
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Exposed during 5 hours to sunlight. The 
anomalous long spacing is a little 
stronger, but not much. 
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acid large 
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Fig. 8 


Again exposed during 10 hours to sun- 
light. The anomalous long spacing gives 
now by far the strongest reflection. The 
normal spacing gives much weaker 
the former figures. 
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reflections than in 
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action on the alkyl malonic acids, To decide this question we used a 
preparation of C,,; which showed in addition to the normal spacing also 
the large spacing. The preparation was strongly exposed during 8 hours 
to X-rays. A new X-ray spectrum clearly showed an increase of the 
intensity of the long spacing. To make sur that no other unknown effect 
might cause the chemical reaction in question, the preparation was after- 
wards kept during 15 hours in the dark, An X-ray spectrum now taken 
showed no perceptable increase of the intensity of the long spacing. 

During one single exposition of an X-ray spectrum, however, the photo- 
chemical action of the X-rays is too small to give a perceptable effect. 
The time of exposure is only 2 hours, whereas the X-rays strike the 
preparation at an angle of about 1—3 degree. Therefore we estimate the 
total intensity only about 5 per cent of the intensity in the above case 
in which a change caused by the X-rays was clearly observed. 

Now the question arises into which substances the n-mono-alkyl malonic 
acids are converted by the action of light. As the new substance has a 
spacing about two times as large as the corresponding alkyl malonic acid, 
it seems to be most probable that this should be a fatty acid. This seems 
to be most reasonable also from a chemical point of view. So we might 
suppose that the octyl malonic acid Cg is converted into caprinic acid C19 
and carbon dioxide. 

Unfortunately there are some serious difficulties in testing this question 
by a measurement of the spacings. As is well known the fatty acids occur 
in at least 3 different modifications with widely varying grating 
constants 1). Furthermore it seems that the grating constant can be easily 
changed to a perceptable amount by small impurities or by mechanical 
treatment of the preparation. Now the values found for the large spacings, 
which arise from the treatment with light, differ more from the spacings 
of the fatty acids than the limit of experimental error. In general they are 
about 10 per cent too small. For the moment we cannot explain this 
discrepancy but we intend to investigate this point in a continuation of 
our work. 

In conclusion, we wish to express our thanks to Prof. P. E. VERKADE 
of Rotterdam for supplying the substances investigated in this paper. 


Groningen, Natuurkundig Laboratorium der 
Rijks-Universiteit. 


1) G. M. DE BorR, Nature 119, 634, 1927. 


Physics. — Measurement of the piezo-electric modulus of zincblende. 
By K. S. KNoL. (Communicated by Prof. J. G. VAN DER CorPUT. ) 


(Communicated at the meeting of January 30, 1932.) 


§ 1. In connection with an investigation of the influence of polarity 
on the intensity of X-ray reflection in the case of zincblende, a qualitative 
determination of the piezo-electric modulus for this substance has been 
made in this laboratory1!). For this constant one finds quoted in the 
german literature the following value 2) : 


OT at) 21m eee gS atinits, 


which has been taken from the thesis of L. W. E. VAN DER VEEN3), We 
have already pointed to the fact that apparently the above number is due 
to a misunderstanding of VAN DER VEEN’s thesis, and that the real value 
taken from VAN DER VEEN ought to be {3 times as large: 


Org = 9,081 034 crgus., units; ) 


whereas the negative sign has no meaning at all, as long as no definite 
agreement has been made about the positive direction in the crystal 
(Compare § 4). 

It seemed worth while to make an absolute redetermination of the piezo- 
electric modulus of zincblende, in order to make sure in how far the 
correction proposed by us to the ordinarily quoted value is trustworthy. 

From new measurements, which will be discussed below, it follows that 
the piezo-electric modulus for zincblende is: 


Op 9, 0c O Lo eelLOS* cr gS. units. 


At the same time I have made a remeasurement of the piezo-electric 
constant of quartz. For this I find a value about 1 per cent less than the 
best known values of CURIE and RONTGEN. If this discrepancy has to be 
ascribed to some error in the apparatus (e.g. too small a value, assumed 
for the electrostatic capacity used in my measurements), then we have to 
assume that the best value for zincblende is probably: 


6;,=— 9,80 10*c.g.s. units, 


which is nearly two times as large as the value hitherto quoted. 


1) D. Coster, K. S. KNOL and J. A. PsINs, Zs. f. Phys. 63, 345, 1930. Further on 
quoted as l.c. 

2) See e.g. Handb. d. Phys. (GEIGER u. SCHEEL) XIII page 312. 

3) L. W. E. VAN DER VEEN, doctor dissertation, Delft 1911. 

4) From VAN DER VEEN’s numbers, as a matter of fact, a value 10 per cent smaller 
is obtained, but he made his measurements relative to the piezo-electric constant of quartz 
for which an old value of CuRIE, 10 per cent less than the best value of to-day, was taken. 
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§ 2. The measurements were made with a very simple apparatus, an 
idea of which may be obtained from figure 1. The crystal was put between 
two flat polished copperplates of about 3 mm thickness. These gS a 
well as the crystal itself were cleaned with the utmost care and dried in 
the exsiccator before they were put together in the box B (See figure 1). 


Fig. 1. Apparatus for piezo-electric measurements. 


Of this box an enlargement is shown in the upper right hand corner of the 
figure. It is made of tinned iron. On the bottom lies first a piece of ambroid 
for insulation, then follows the undermost copperplate of which the electric 
potential has to be measured with the electrometer, then the piezo-electric 
crystal and finally the uppermost copperplate. To avoid an eventual pyro- 
electric effect, care was taken that during the course of one experiment 
the temperature did not change noticeably. Therefore the box was put in 
a second one, the space between them being filled with cotton wool. 
Furthermore care was taken that all the metal parts of the apparatus 
with the exception of the undermost copperplate, of which the changes in 
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potential had to be measured, were constantly grounded. An insulated 
copperwire connected the undermost copperplate with the string electro- 
meter and (eventually) a capacity of known magnitude. The pressure was 
furnished by a known weight which pressed through a hole in the cover of 
the box on the upper copperplate. The difficulty with such a procedure is 
to bring the pressure continuously on the plate. If the pressing weight 
meets the plate with some impulse then the pressure is much higher at first 
and will gradually (eventually oscillating) come down to the amount of 
the weight. Accordingly the changes in potential will also be too high at 
first and afterwards diminish. It will be very difficult to distinguish this 
decrease of potential from the natural electrostatic leakage. I have tried 
to avoid this difficulty in the following manner: The pressing weight was 
a cylindrical vessel attached to a frame work which pressed with a metal 
point on the upper copperplate in the box B. This vessel, when no weight 
was pressing, floated in a basin with water standing on a disk which could 
be moved upwards and downwards. Moving the disk continuously down- 
wards the pressure was brought nearly continuously on the crystal. 

The string electrometer of the WULF type was kindly put at the disposal 
of the laboratory by Professor D. VAN GULIK at Wageningen. This electro- 
meter was put in a metal box to prevent electrostatic induction. This 
metal box as well as the frame of the electrometer itself were connected to 
earth. With the aid of a storage battery the one field plate was put at 
+ 80 Volts, the other at —80 Volts. The string was a platinum wire of 
0.002 mm thickness. In the ordinary manner the field plates were placed 
symmetrically with regard to the string. The sensitivity of the electrometer 
was such that one part of the scale corresponded to about 0.05 Volt. 

Before and after a series of measurements, which took place in about 
an hour, the scale of the electrometer was empirically calibrated in Volts. 
One measurement of the piezo-electric modulus consists of the following 
manupulations : 

1. The electrometer string connected to the one side of the crystal is 
connected to earth and then insulated. If the string, when insulated, gets 
spontaneously an increasing deviation, this is a proof that the crystal or 
the copperplates are not sufficiently cleaned. (The deviation is caused 
by an electric polarisation). 

2. The pressure is put on the crystal by moving the water basin down- 
wards, and the deviation is read. Afterwards the natural leakage is deter- 
mined. In most cases, when the room was sufficiently heated to avoid 
moisture this leakage was so small that no correction had to be made for it. 

3. The electrometer is again connected to earth and then insulated. 

4, By moving the water basin upwards the pressure is taken away, the 
electrometer gets a deviation in the opposite direction, which is read. 

The deviations read in case 2 and 4 were sensibly the same, as can be 
seen from table 1. As an example in this table the deviations are given for 


crystal II negative (See also table 2). 
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TABLE 1. 


Deviations of the electrometer in volts. 


——— 


Pressure on Pressure off 
ee 
1.280 e275 
1 265 1275 
1.285 | AMS) 
e225 1.250 
1.250 1.260 
1.285 1.270 


Besides, in order to eliminate the unknown capacity of the system, the 
same four manupulations were repeated when an additional capacity of 
known magnitude was connected to it. If the deviation first is Vy 
(measured in units of tension) and after the capacity of magnitude C was 


connected to the system Vo, then it is easily seen that the charge set 
free is: 


aie 2h: 
Wy NA 


If the pressing weight is G, then the charge set free per unit of force is: 


§ 3. The zincblende crystals used were the crystals called I and II in 
our former work1), cut by STEEG and REUTER parallel to the 111-planes. 
They have a surface of about 2 cm? and are about 3 mm thick. They gave 
good X-ray reflection on their whole surface so that we may assume that 
the formation of twins, such a common phenomenon with polar crystals 
and especially with zincblende, in these cases does not play an important 
part. The pressing weight was 1632 grams. The capacity of known 
magnitude was a condensor of Harms 2), made by GUNTHER and 
TEGETMAYER. It was used for a capacity of 43.21 cm. The values obtained 
are inserted in Table 2, they are given as charge in electrostatic c.g.s. units 
per kg pressure. For each crystal two sets of measurements were made, 
one set of measurements when the electrometer is getting a positive charge 
by putting the pressure on (1st and 34 column of table 2) the other with 
) 


1) Lc. 
2) 


iL 
F.. HARMS, Physik. Zs. 5, 47, 1904. 
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TABLE 2. 
Charge set free in electrostatic c.g.s. units per kg pressure. 
Crystal I Crystal II 
Positive Negative | Positive Negative 
0.0553 0.0547 0.0538 0.0575 
0.0538 0.0569 0.0535 0.0573 
0.0533 0.0572 0.0537 0.0555 
0.0540 0.0556 0.0548 0.0553 
0.0532 0.0568 0.0534 0.0555 
0.0535 0.0565 0.0541 0.0542 
0.0539 0.0570 
0.0545 0.0553 
0.0545 0.0564 
0.0560 

0.0559 


value 


Mean 0.0540 | 0.0562 | 0.0539 


the crystal inverted when it gets a negative charge in the same way (24 
and 4th column of table 2). The mean of all the values obtained is 0.0550 
electrostatic units per kg. 

The agreement between the different values is sufficiently good. It is a 
curious fact that for both crystals the first set gives a mean value nearly 
4 per cent smaller than the second set. This cannot be due to an asym- 
metry of the electrometer deviation because for both sets (compare § 2) 
deviations of the electrometer to the left as well as to the right were used. 
For the moment we cannot explain this small discrepancy. 

As this discrepancy-though it is a rather small one~- as long as its cause 
is not understood, gives an uncertainty as to the reliability of the results, 
we thought it desirable to have a control by measuring with the same 
apparatus a piezo-electric constant which is already well known. Now the 
best known piezo-electric constant is undoubtedly the modulus 6,;, of 
quartz which has been measured repeatedly by such skilled experimenters 
as CURIE and RONTGEN. It is a happy circumstance, indeed, that the values 
they finally obtained converged to nearly the same number: CURIE!) 
found 6,,;==0.0677 (per kg), whereas RONTGEN2) got 6,;==0.0681 
(per kg). 


We used for our measurements with quartz a commercial piezo-quartz 


1) J. P. CurIE, See Mme Curlg, Traité de radioactivité, Paris 1910. 
2) W. C. RONTGEN, Ann. d. Phys. 41, 449, 1913. 
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crystal as they are used for tuning high frequency oscillation circuits 1). 
The crystal had a surface of 1.3 2.8 cm? and was 1.5 mm thick. It was 
cut perpendicularly to the electric axis. If compressed in this direction a 
charge comes free 


€=s0 nk 


where P is the force applied in the direction of the electric axis and 61, is 
the piezo-electric modulus when the axes of reference are properly chosen. 

The crystal was highly polished on both surfaces; these were coated 
with a thin layer of copper. The values obtained in the same way as des- 
cribed in the case of zincblende are inserted in table 3. We find for the 
modulus 6,, of quartz in the mean 0.0671 electrostatic units per kg pres- 


TABLE 3. 


Piezo-electric modulus 61; of quartz in 
electrostatic c.g,s. units per kg pressure 


Positive Negative 
0.0654 0.0697 
0.0646 0.0680 
0.0634 0.0684 
0.0664 0.0672 
0.0682 0.0668 
0.0690 0.0667 
0.0662 0.0677 
0.0666 0.0676 
0.0666 0.0680 
0.0663 0.0678 


sure, which is only 1 per cent less than the mean value of CurIE and 
RONTGEN. If this difference should be due to some systematic error in our 
apparatus (e.g. too small a value assumed for the known capacity), then 


we had to correct our value for zincblende with 1 per cent and we thus 
find for the constant k defined in § 2: 


k = 0,0555 electrostatic c.g.s. units per kg. 


a As nas been mentioned in § 1 we succeeded formerly 2) in deter- 
mining the piezo-electric effect of zincblende in a qualitative way. A 


1) Supplied by STEEG and REUTER, Hombur 


aie qg v. d. Hohe, Germany. 
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summary of the results seems justified here. Zincblende belongs to the 
cubic system, the 111-planes are alternately occupied by zinc- or by sul- 
phur-atoms. The sulphur planes divide the distance between the successive 
zinc planes in the ratio 1:3. Now there is a difference in intensity of 
reflection for X-rays for the two different 111-planes A and B (see figure 
2), which shows some anomalies in the neighbourhood of the absorption 
edge of zinc. This afforded a means to make sure which of the 111-planes 


5 at 
Zn Zn 
S) Ss 
h 2n 


Fig. 2. Reflection of X-rays on the both 111-planes 
A and B of zincblende. 


of the crystals I and II has to be identified with A (figure 2) and which 
with B. A piezo-electric determination showed at the same time, that if the 
crystal is compressed in a direction perpendicular to the 111-planes (i.e. 
in the direction A—B of figure 2), then the plane A gets a negative and 
the plane B a positive charge. As mentioned above, this charge is: 


k =0,0555 electrostatic c.g. s. units per kg. 


Now the question arises how we have to derive the piezo-electric 
modulus of zincblende from the value of k. The piezo-electric constants 
and moduli have to be referred to the common crystal axes i.e. the cubic 
axes in the regular system. VoIGT1) has shown that from the 18 piezo- 
electric constants in the case of the reqular system only 3 may be different 
from zero. The same is true for the moduli. These moduli have the 
following meaning 


— Px = 614 Y, 
—=4 i}, — 025 pis 
=| = 536 AG: 


Flere Px Py and p, are the components of the electric polarisation caused 
by the components of shearing stress Y,, Z, and X,. For cubic crystals 
these moduli are equal to one another, usually they are all denoted by 
6,4. The connection between 6,4 and the constant k determined in § 3 is 


easily seen with the help of figure 3. 
The angle which the 111-plane makes with the three coordinate planes is 


oe 
arc cos V3. 


1) W. VoicT, Lehrbuch der Kristallphysik, Leipzig 1928. 
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If a crystal is compressed by a pressure D perpendicular to the 111- 
plane, the resultant stress on the Oyz-plane has the direction of D and the 


Zz 


8) 5 x 


Fig. 3. 111-plane (rst) and the 3 cubic planes 
(Oxy, Oyz, Ozx). 


magnitude 2. . This resultant stress has as components along the axes: the 
3 
pressure X, and the shearing stresses Y, and Z,, Every component is 
= D 
Ls VY 3 SS 
3 V3 
that the 3 shearing stresses which are of interest, Y,, Z, and X, are each 


D 


3" The polarisation they give has equal components along the axes 


3° Because of the symmetry of the problem we must assume 


1D) 
— 01 
Px 14 3 


Therefore the resultant polarisation p—=V 3 py = — 6,4 i . We thus see 


that the constant k measured in § 3 ON We find in this manner for 
3 


the modulus $,4 in c.g.s. units 
V3 k 


— yee —8s 
16816105 see wee 


In conclusion I wish to express my sincere thanks to Prof. Dr. D. 
CosTER for his kind interest and his many valuable suggestions and to 


Mr. H. BuLtuuis and Mr. C. ScHOLTENS for their assistance in the 
performance of the measurements. 


Natuurkundig Laboratorium der Rijks-Universiteit 
te Groningen. 


Chemistry. — Die numerische Festlegung der lyotropen Reihe. Von E. M. 
BRUINS. (Communicated by Prof. A. F. HoLLEMAN). 


(Communicated at the meeting of January 30, 1932.) 


1. Den Ausgangspunkt der nachstehenden Betrachtungen bilden die 
Untersuchungen, welche Dr. E. H. BUCHNER und D. KLEYN*) sowie erst- 
genannter und G. PosTMA®2) iiber das Aussalzen von Solen durch Salz- 
mischungen anstellten. 

Die aus beiden Untersuchungen in den Abhandlungen gezogenen 
Schliisse stimmen in der Hauptsache iiberein. Sowohl bei Agarsolen als bei 
Gelatine tritt. wenigstens bei héherer Konzentration, eine véllige Ersetz- 
barkeit der flockenden Salze ein, was sich in den graphischen Darstellun- 
gen (siehe die entlehnten Figuren 1 und 2) in dem Auftreten gerader Li- 
nien aussert. Die zu verschiedenen Salzen gehérenden Linien breiten sich 
facherférmig aus. 

Anfangs wurden nun, auf Grund von Untersuchungen, die BUCHNER 
und KLEYN an Agarsolen angestellt hatten, die Salze in zwei Gruppen, die 
flockende und die antiflockende Gruppe, verteilt. 

Aus den von BUCHNER und PosTMA mit Gelatinesolen erhaltenen Resul- 
taten ergab sich, dass die Reihenfolge der geraden Linien im Facher 
sowohl fiir Agar als fiir Gelatine dieselbe blieb, dass jedoch die Trennung 
der Salze in die beiden vorgenannten Gruppen ein véllig anderes Ergebnis 
zeitigte. BUCHNER und PostTMA folgerten damals, dass offenbar der 
Ubergang nach einem anderen Kolloid den Ubergang einiger Salze von 
der flockenden nach der antiflockenden Gruppe oder umgekehrt zur Folge 
haben k6nne. 

Die nachstehenden Betrachtungen bezwecken nun, den Nachweis zu 
erbringen, dass wahrscheinlich eine Gesetzmassigkeit in diesem Ubergang 
eines Salzes von der flockenden nach der antiflockenden Gruppe besteht 
und dass sich die Méglichkeit darbietet, die lyotrope Reihe statt durch 
Grésser- und Kleiner-Relationen numerisch festzulegen. 


2. Man denke sich, dass ein Flockungsdiagramm, wie dies in den 
oben zitierten Abhandlungen (Fig. 1 und 2) vorkommt, fiir Salzmischun- 
gen aufgestellt wird, die weder Synergismus noch Antagonismus%) der 


1) Diese Proceedings 30, S. 740, 1927. 

2) Diese Proceedings 34, S. 699, 1931. 

3) Unter Synergismus (Antagonismus) der Ionen wird hier die Erscheinung ver- 
standen, dass man, um den Flockungswert einer Salzmischung zu erreichen, bei einer 
bestimmten Konzentration des einen Salzes von dem anderen Salz eine kleinere (grdssere) 
Konzentration bendtigt, als sich aus einer gegenseitigen Ersetzbarkeit der -Salze ergibt. 
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Ionen zeigen. In diesem Falle werden sich die Salze vollkommen additiv 
verhalten und wird das Diagramm einen aus Geraden bestehenden Facher 


aufweisen (siehe Fig. 3). 


Br 
3,8 


NaX CNS 


0,8 C,1,0, 
0,6 hilo, CalnlegiO) 
oe On, he 
is ioe . A 
6 Sey Lh. yA 
0,2 A 
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In der Tangente des Winkels q, den eine der Linien mit der Horizon- 
talachse bildet, hat man dann das Verhaltnis der Flockungswerte der 
beiden Salze, wodurch diese Flockungslinie bestimmt wird. 

Nimmt man nun weiter einen Punkt P auf der Flockungslinie der 
Mischung Na,X — Na,Y, dann wird in diesem Punkt P die Konzentration 
der Nat-Ionen der flockenden Mischung pa- qb sein. 


. Na,Fe(CN)¢ 
. Na3 citrate. 
. Nap tartrate 
. Na S203 

. Na2,WO,4 

. Na,MoO4 
. Na formiate 
. Na acetate 
. NaBrO; 

. NaCl 

. NaClO3 

. NaBr. 

. NaJ 

. Na 2Cr207 

. NagHPO4 
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Die Konzentrationen der Anionen X— und Y— geniigen der linearen 


Gleichung : 


Xoo 
A on eee 


Verschiedene Punkte P auf der Flockungslinie ergeben verschiedene 
Konzentrationen der Na+, X— und Y— Jonen. Nimmt man den Punkt P 


TN i 
io 3 


in dem unendlich fernen Punkt der Geraden, so werden in der gerade 
flockenden Mischung die Konzentrationen aller Ionen unendlich gross ; 
das Verhaltnis zwischen den Konzentrationen der Anionen aber wird eine 
bestimmte Zahl, namlich — tang /p. 


3. Tritt anfanglich wohl ein Zusammen- oder Entgegenwirken der 
Ionen ein, dann ergibt die Tangente des Winkels, den der gerade Teil der 
Flockungslinie mit der Horizontalachse bildet, nicht direkt einen Flockungs- 
wert. Man kann diese Grésse (tang py) jedoch wohl als ein Mass fiir das 
flockende oder antiflockende Wermégen der Anionen auffassen. 

Nun ergibt ein bestimmtes beigemischtes Salz in jedem Flockungs- 
diagramm eine bestimmte Kurve, und damit, bei hGheren Konzentrationen, 
eine bestimmte tang yp. 

In zwei derartigen Diagrammen, z.B. demjenigen BUCHNER und KLEYN’s 
und dem Diagramm von BUCHNER und Postma, stehen dann die Richtungs- 
konstanten (tang ~) in einer ein-eindeutigen Verwandtschaft. Nehmen wir 
an, dass diese Verwandtschaft algebraisch ist, dann besteht zwischen den 
tang » der Kurven von BUCHNER und KLEYN (x) und denjenigen von 
BUCHNER und PosTMA (y) eine Gleichung von folgender Gestalt : 


xy +Ax+By+C=0, 
in welcher A, B und C Konstanten sind. 


Deutet man x und y als rechtwinklige Koordinaten, dann wird, falls die 
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Annahme einer algebraischen Verwandtschaft richtig ist, eine Hyperbel 
mit der x-~ und y-Achse als asymptotische Richtungen zum Vorschein 
kommen, 

Die Winkel wurden fiir die anorganischen neutralen Salze gemessen, 
die in beiden Diagrammen vorkommen. Die Resultate hiervon sind in der 
nachstehenden Tabelle I und graphisch in Figur 4 niedergelegt. 


TABELLE I. 
| Gelatine | Agar 
No. Salz | Q | tang » cotg @ | gp tang » cotg g 
1 | NagFeCy¢| 17° | 0.306 | 3). Df | Ilse | 0.267 | 3573 
BB \INEVKOR || CsioSI |) Ue | 0.456 | 86° | 14.30 | 0.069 
3 | NaCl | 722 | 3.08 | 0.325 | 90° | oO eon 
Ze INEIOIOR | A359 || 34597 | 0.203 | I@Q 2 | 5.20 | 0,185 
5 |NaBr | 85° | iiea3s | 0.087 | 110.5° | —2.67 | —0.374 
“6 [Nal j101° JH5-14 |-0.194 | We | 1:60 | 0.625 


Jedem Punkt im x-y-Diagramm (Fig. 4) ist die Nummer gegeben, die in 
vorstehender Tabelle dem beigemischten Salz zukommt. Durchlauft man 
dann die Facher der geraden Stiicke in den Flockungsdiagrammen von 
Salz No. 1 bis Salz No. 6, dann beschreibt der Punkt (x, y) eine Kurve, 
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die gerade so durchlaufen wird, wie dies bei der betreffenden gleichseiti- 


gen Hyperbel geschieht. 


4. Von dieser Hyperbel kann man an Hand einiger besonderer Be- 
merkungen noch ein paar Punkte finden. 


a. Man denke sich ein Salz NaZ bestehe mit einer unendlich grossen 
flockenden (oder peptisierenden) Wirkung. In diesen Fallen — die 
Extreme beriihren sich — fallt die Flockungslinie mit der negativen (bezw. 
positiven) Sulfatachse zusammen. Diese Kurven entsprechen einander 
ebenfalls in der Verwandtschaft. Die tang mw ist Null fiir beide extreme 
Falle (und in allen fiir flockende Mischungen aufgestellten Diagramme). 

Die Hyperbel xy -+ Ax + By + C = 0 muss also durch den Punkt (0.0) 
gehen, d.h. die Konstante C0. 

In der Gleichung bleiben somit noch zwei Konstanten iibrig. 


b. Dass zwischen diesen letzten zwei Konstanten noch eine Beziehung 


besteht, erhellt aus Folgendem: 
Hatte man auch unter die beigemischten Salze das Sulfat (und im 


allgemeinen das ,,Basissalz” fiir das Diagramm) gewahlt, dann wiirde die 
hierfiir aufgestellte Flockungslinie eine Gerade sein. In beiden Diagram- 
men, sowohl demjenigen von BUCHNER und KLEYN als dem von BUCHNER 
und PosTMA wiirde, da die Langeneinheit auf der Achse der beigemischten 
Salze genau die Halfte derjenigen auf der Sulfatachse ist, fiir das Sulfat 
eine tang w = 14 gefunden werden. 

Die Hyperbel muss mithin auch durch den Punkt (14, 44) gehen, und 
zwischen dem A und dem B besteht daher die Beziehung : 


In der Gleichung der Hyperbel kommt demnach nur noch eine beliebige 
Konstante vor. 


5. Aus den Beziehungen 


xy Ax=-— By=.0 


fiir die Tangenten x und y folgt, dass, wenn man die Kotangenten X und 
Y statt der Tangenten x und y als Koordinaten deutet, man eine Gerade 
durch den Punkt (2.2) erhalten wird. Dies ist in Figur 5 ausgefiihrt. Dort 
ist die durch den Punkt (2.2) gehende Gerade gezeichnet bei der die 


Summe der Quadrate der Abstiande der Punkte minimal ist. Man findet 
leicht als Gleichung dieser Geraden: 


(2) 0 Sioa) 
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worin Y und X die laufenden Koordinaten sind. Abweichungen von der 
Geraden, die etwa auftreten, sind experimentell als zulassig zu bezeichnen. 


6. Durch Vergleichen des Fachers aus Fig. 1 mit demjenigen aus Fig. 2 
gelangt man also zu dem Ergebnis, dass die Richtungen der geraden 
Stiicke projektiv einander zugefiigt sind. Ausserdem liefern das imaginare 
Salz mit unendlich flockender Wirkung und das imaginare Mischen 
einer Salzlésung mit sich selbst — wie dies oben abgeleitet wurde — zwei 
Gleichungen zwischen den Koeffizienten der Gleichung : 


xy +Ax+ By+C=0, 
— die die Projektivitat definiert — namlich 
G=0 und A+B 3 —0. 


Bestimmt man nun noch die tang fiir eine wirkliche Mischung, in 
beiden Diagrammen, dann kann man A und B berechnen und mit Hilfe 
hiervon, aus der Richtung der Flockungslinie eines Salzes bei der Agarsole 
diejenige desselben Salzes fiir Gelatine berechnen, und umgekehrt. 


7. Gesetzt, man erkenne jedem Salz KA eine ,,lyotrope Zahl” zu, die 
gleich der cotg m des geraden Stiicks der Flockungslinie ist. Nach dem 
Vorangehenden sind dann die Zahlenreihen, die aus einer Gruppe Salze 


KA, KA, KA;...KA,, 


dadurch entstehen, dass jedem Salz die cotg p aus einem bestimmten 
Flockungsdiagramm zuerkannt wird, projektiv gleichwertig, d.h.: die 


8 
Proceedings Royal Acad. Amsterdam. Vol. XXXV, 1932. 
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Zahlen N und M aus zwei derart aufgestellten Zahlenreihen geniigen 


einer Beziehung: 


aM +1 


N= 5M oc 


worin a, b und c Konstanten sind. 

Man kann dann eine Reihe von ,,absoluten lyotropen Zahlen N” auf- 
stellen und zwar folgendermassen : 

Man weist drei Anionen, A;, Ay und As die Zahlen Ny, No und 
Nz zu. Aus einem Flockungsdiagramm findet man die hierzu gehérende 
cotg p, bezw. M,, Mz und M3. Aus diesen drei Data sind a, b und c zu 
berechnen, und durch die cotg pM ist dann fiir ein beliebiges weiteres 
Anion A die absolute lyotrope Zahl N bestimmt. 


8. Nach den in diesem letzten Abschnitt (7) erhaltenen theoretischen 
Resultaten kann man somit aus einem einzigen Flockungsdiagramni eine 
Reihe ,,absoluter lyotroper Zahlen” herleiten. 

Ordnet man nun dem imaginaren Salz mit einer unendlich flockenden 
(oder peptisierenden) Wirkung — aus mathematischen Erwagungen — ein 
N= oo zu, dann wird in der oben zitierten Formel: 


__a.cotgg +1 
~ b.cotgp+c 


das b Null werden miissen. 

Ein N-cotg y-Diagramm wird dann immer eine Gerade aufweisen statt 
einer gleichseitigen Hyperbel. 

Zur weiteren Ausarbeitung setzt man z.B, das N des SO,4-Ions = 2.00 
und dasjenige das Cl-lons = 10.00; (beides ganz beliebige Gréssen). 

Man kann dann die Gleichung der betreffenden Geraden aus dem 
Diagramm BUCHNER’s und KLEyn’s berechnen und findet hierfiir : 


N = — 4,00 cotg » + 10,00 
und aus den Data des Diagramms von BUCHNER und PosTMA: 
N= — 4,78 cotg p + 11,55 


Fir die weiteren Ionen findet man die Ziffern in Tabelle II festgelegt. 


TABELLE II. 
FeCyg | BrO; ClO; Br | I | 
BUCHNER und KLEYN | —4.92 | +9.72| 10.741 11.50] 12.50 Agar 


ee 


BUCHNER und POsTMA —4.08 12.48 Gelatine 


43.38 10.58 | 11.14 
| 


Somit ist eine numerische Festlegung der lyotropen Reihe erreicht. 
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9. Nunmehr liegen auch einige chemische Folgerungen auf der Hand, 


a. betreffs der Zahl N fiir die Anionen. 

Sowohl der absolute Wert als das Zeichen der Ziffern in Tabelle II 
sind unwesentlich; man kann drei beliebig zu wahlenden Anionen drei 
beliebige Zahlen zuweisen. Wesentlich ist, dass jedem der iibrigen 
Anionen dann eine eindeutige bestimmte Zahl N zukommt. 

Bisher hat man die lyotrope Reihe immer mit dem ,,wasserbindenden 
Vermégen"” (H) der Ionen in Zusammenhang gebracht. 

Man kénnte mithin weiter erwarten, dass 


N=f(H). 


Es ist zweifelhaft, ob aus demjenigen, was beziiglich dieses wasserbin- 
denden Vermdgens bekannt ist, sich jetzt schon ein Bestehen bezw. Nicht- 
bestehen einer derartigen Beziehung nachweisen lasst. 


b. betreffs der hydrophilen Solen. 
Sowohl fiir die Agar- als fiir die Gelatinesole ist eine Beziehung 
folgender Gestalt : 


N=A.cotg¢+B 


nachgewiesen. 

Das N-cotg p-Diagramm ergibt also fiir beide — und wahrscheinlich fiir 
alle — hydrophile Solen eine Gerade. 

Durch die Wahl des Basissalzes und der Langeneinheiten auf den 
Achsen des Flockungsdiagramms wird ein Punkt dieser Geraden festge- 
legt. Bei der Gelatine und dem Agar war dieser Punkt N= 2, cotg p=2. 

Die Agarsole und die Gelatinesole unterscheiden sich also in ihrem 
Verhalten gegeniiber der lyotropen Reihe als Ganzes. Dieser Unterschied 
kommt zum Ausdruck in einem verschiedenen Wert einer einzigen Kon- 
stante, die mathematisch durch die Richtung der Geraden aus dem 
N-cotg w-Diagramm durch den Punkt (2.2) festgehalten wird. 

Da das p,, der Gelatine immer nahezu konstant war, wird ein Einfluss 
der Ladung der Mizellen in den Flockungswerten gewiss nicht in den 
Vordergrund treten. Es liegt somit, in Zusammenhang mit der heutigen 
kolloid-chemischen Theorie, nahe, dass sich hier die verschiedene Hydra- 
tation der Mizellen aussert. 

Es ist dem Verfasser ein Bediirfnis, seinem Lehrer, Herrn Dr. BUCHNER 
(Amsterdam) an dieser Stelle seinen warmen Dank fiir die erteilten 
Ratschlage bei der Bearbeitung dieses Problems auszusprechen. 


Amsterdam. Anorganisch chemisches 
Laboratorium der Universitat. 


Bacteriology. — Further Observations on the Bacteriophage of Bacillus 
megatherium. By L, E. DEN DOOREN DE JONG. (Communicated by 


Prof, A. J. KLUYVER). 


(Communicated at the meeting of January 30, 1932.) 


When I last wrote about the bacteriophage of Bac. megatherium') 
I took for granted that when the spores of Bac. megatherium were heated 
to temperatures destructive to the bacteriophage in vitro (e.g. 10’ at 90° C), 
the spores would be rid of a possibly existing bacteriophage infection. 
Hence when it was found that the cultures of certain strains of megatherium, 
after being subjected to a careful pasteurization for 10’ or 15’ at 90° C or 
100° C, and then filtrated, still contained a very active bacteriophage for 
certain megatherium mutilates, this fact was looked upon as an absolute 
proof of the bacteriophage not being an autonomic ultra microbe, but a 
product of the living bacterial cell. 

Several investigators in our country?) and also COWLES) have fully 
confirmed the correctness of the above mentioned experiments. They 
suggested the possibility of the spores transmitting their thermoresistant 
properties to foreign substances which they had included at the time of 
their spore formation, as an explanation of the phenomena. Hence according 
to them the phage in the bac. spore would pass into another unknown 
but more resistant form, since from a physical point of view it is not 
thinkable that during the process of pasteurization a temperature lower 
than the surrounding one could be maintained inside the spore. Although 
there are various objections to this hypothesis, still the fact that so little 
is known of the factors determining the thermoresistance of the spores, 
makes it desirable for us to test its value by further experiments. 

Firstly experiments were done to find out whether strains of spore 
forming bacteria which had never been found to possess the property 
of phage production, could be brought to do so by allowing the bacterio- 
phage to act upon them during the process of spore formation, The 
positive result of these experiments which were begun in the middle of 
1930, does not necessitate our accepting D'HERELLE’s theory of the 


') The bacteriophage of Bac. megatherium; a product of the living bacterial cell. 
Proceedings Kon. Akad. v. Wetensch. 33, N° 1 (1930), 51 and Ned. Tijdschr. v. Hyg. 
Microb. en Serol. 4, 255 (1930); Studien iiber Bacteriophagie I Zbl. Bakter. I, Orig. 
120 p.l. (1931). 

2) See on this subject Ned. Tijdschr. v. Hyg. Microb. en Serol. 5, 54 (1931) and 
C. R. RITSEMA VAN ECK, diss. Leyden 193]. 

3) PH. B. COWLES, J. Bact. 22, 119 (1931). 
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autonomic ultramicrobial nature of the phage. After further consideration 
it seemed quite possible to find an explanation of the phenomena in a 
further development of my view of the subject. It seems to me quite 
reasonable to think of the phage which has been brought into the bacteria 
cell, as only acting as a stimulus to the latent power of phage formation in 
that cell. In other words the phage found after the process had taken place, 
would owe its origin to the bacteria cell itself, and not at all to the phage, 
which had provided the stimulus to phage formation. In the meantime 
COWLES’ article mentioned above appeared in August 1931. He too came 
to the conclusion that non-bacteriophagic strains of several spore forming 
micro-organisms (Bac. megatherium, Cl. tertiam and more especially Bac. 
anthracis and Bac. subtilis) could be acted upon by diverse homologous 
bacteriophages and altered in such a way that the lytical principle could 
be demonstrated in filtrates of cultures which had been obtained from 
heated spores. But his spores which we may look upon as artificially 
“infected’’ were never infected to such a degree as the spores of the 
megatherium strains which | had used and which following my line of 
thought might be looked upon as naturally infected. All the colonies of 
these cultures contrary to the artificially infected subtilis strain produced 
active filtrates and heating them up to temperatures which the spores 
could only just bear was never able to destroy their phage producing 
powers. On the other hand pasteurization of the artificially infected 
anthracis strains up to 95° C. was able to destroy the phage producing 
powers of those cultures. COWLES came to the following conclusion : 
“This does not necessarily mean that the lytic agent as such survives the 
heating process but it does mean that the recovering of a lytic principle 
from a pasteurized culture is not conclusive proof of the spontaneous 
generation of bacteriophage’’. 

The results of these experiments led me to take up a more elaborate 
study of the question of artificial “infection”. I have not confined myself 
to the Bac. megatherium as | did in the past, but have used other species 
of the genus Bacillus. Unlike Cow es I always confined myself to the use 
of megatherium bacteriophages, first taking the phage of megatherium 
No, 899 and using the two types 899 O and 899 ©, A dissemination of 
filtrates of Bac. megatherium 899 like those of 333, on spreadings of almost 
all. of the susceptible megatherium mutilates, gave rise to two kinds of 
plaques, the normal round hole form of plaque, and a second form with a 
small bacteria colony in the centre (called dot plaques). If the culture is 
allowed to go on incubating1!), a concentric ring of bacteria material is 
formed. As far as we could see the two types of 899 never interchanged. 
Hence it seemed to me important, moreover, to find out whether both types 
of phage only led to the production of its own type when used to activate 


the spores of phage free strains. 


1) Zbl. Bakter. 1 Orig. 120 p. 19 (1931). 
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A. Experiments with the 899 O phage. 


This phage was obtained by putting strain 899 in an ERLENMEYER bulb 
with 1 % peptone water and incubating for two days at 30° C., after which 
the culture was filtered through a Seitz filter. The filtrate obtained was 
disseminated in various degrees of dilution from 10~1 to 10~% c.c. on 
spreadings of a specially susceptible megatherium mutilate viz. 338b’ 1). 
The plates obtained were then incubated at 37° C. Within 24 hours they 
showed a mixture of two kinds of plaques which when obtained from the 
weaker solutions (usually 10-5 or 10—6) were situated so far from each 
other that they could be pricked away with the agar on which they were 
lying, without the danger of mutually infecting each other. 

Then we took a bit of agar with an O plaque on it, and containing of 
course a little bacteria material necessary to increase the lytic principle, 
and inoculated it in 1% peptone water and incubated for two days at 
30° C. The culture fluid obtained was again filtered through a SEITZ filter. 
Its purity and concentration was tested and determined by disseminating 
the filtrate in varying degrees of dilution on 3380’ spreadings. In the greater 
number of cases the filtrate so obtained was found to contain the pure 
phage, that was in this case 899 O, which at a temperature of 37° C. in 
338b’ always formed plaques with an average diameter of 2 m.m. It was 
sometimes necessary to repeat the process as one always ran the risk in 
digging out a large plaque, of taking a small undeveloped plaque of the 
other species with it. 

We used the same strains for these experiments that we used in our 
previous research work on this subject, viz. Bac. megatherium 333, 334, 335, 
336, 337, and 338. With the exception of 333 these strains were known 
to lack the power of producing a perceptible bacteriophage. 

These six strains were inoculated in duplo on slanting 1% peptone 
agar in tubes which were then put straight away into an incubator at. 
a temperature of 37° C. Six hours later a thin transparent layer of bacteria 
could be seen on the peptonagar in all the tubes. Microscopic examination 
showed that no spore formation had taken place among the various spore 
forming bacteria. After that one of the two series of tubes was put in an 
incubator at 30° C. so as to facilitate spore formation. Then the other 
series of cultures was taken and 0,3 c.c. of the filtrate 899 O (able to 
produce per c.c. 20> 107 plaques in spreadings of 3386’ when titrated), 
was added to each of the six tubes. Care was taken to cover the whole of 
the bacterial culture with the fluid. This series of cultures was then 
incubated at 30° C, The next day the bacterial layer in most of the tubes 
was found to be perceptibly more or less affected2). Still after the lapse 


1) For further details on this mutilate confr. Studien iiber Bakteriophagie II pp. 16 and 17. 
2) 1 knew from former experiments that the spreadings of several megatherium strains 


e.g. 334, 335 and 337 if examined in very young sporeless condition, may form small 
plaques. (See Studien iiber Bakteriophage II, note on page 15). 
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of a few days a considerable development of spore forming bacteria was 
found to have taken place in most cases, and these could be reasonably 
supposed to have been influenced by the phage. 

A week after the filtrate had been added to the bacterial cultures, a 
fair amount of bacterial substance from each of the two series of tubes 
was inoculated in culture tubes containing 5 c.c. of peptone water. Then 
all the twelve inoculated tubes were pasteurized while entirely immersed 
in water for 10’ at 90°C., as soon as possible after the inoculation had 
been carried out. Great care was taken to keep the temperature within the 
tubes at 90° C. during the 10’. Then they were cooled down quickly and 
placed in a temperature of 30° C., or 37° C., to give the bacteria the 
opportunity of multiplying, so as to facilitate their transference. Two days 
afterwards a little bacterial substance from each tube with the exception of 
335 which had not survived the pasteurization, was inoculated into an 
ERLENMEYER flask containing 1% peptone water. These cultures were 
incubated at 30° C. for two days and then filtrated. Then each of the 10 
filtrates, five of which being filtrates of megatherium strains which had not 
been in contact with the 899 O and the other five having been in contact 
with the 899 O, was tested in various degrees of dilution on spreadings of 
the mutilate 3380’. 

The filtrates derived from the strains which had not been treated with 
the phage 899 led to the following results : 


Filtrate 333: When diluted 10-8 thousands, when diluted 10~ 
hundreds of plaques averaging 0.5 m.m., belonging to the 
O and the © types. 

Filtrate 334: When diluted 10—1 no plaques. 

Piltrate 336%; _,, A anes: » 

Eultrate 33/72 6 Pa 

Piltrates330: 4, bn oe Pe o 


These results were absolutely in agreement with former observations. 
The filtrates derived from strains which had been brought into contact 
with the 899 O phage before pasteurization, led to quite different results : 


Filtrate 333: When diluted to 10—1 only a few hundreds of plaques 
with an average diameter of 0.5 m.m. belonging to the O 
type and also to the © type!). Plaques of 2 m.m. were 
not met with. 

Filtrate 334: When diluted to 10—1 a hundred plaques with a diameter 
averaging 2 m.m., all of the O type. 

Filtrate 336: When diluted to 10—2 a hundred plaques with an average 
diameter of 2 m.m., all of the O type. 


1) It ig noticeable that the 333 strain when treated with phage 899 always formed 
its own phage (plaques of 0,5 m.m.) and never a mixture of the two phages. Also 
that comparing it with the filtrate of the untreated strain, the titer of its own 333 


phage had become less. 
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Filtrate 337: When diluted to 10—1 a hundred plaques with an average 
diameter of 2 m.m. all of the O type. 
Filtrate 338: When diluted to 10—1! no plaques. 


B. Experiments with the 899 © phage. 


We then made a pure culture of the phage 899 © in absolutely the 
same way as was done with the phage described under A. This too was 
found to lead to the formation of plaques on spreadings of 338)’ and at 
37° C., plaques with an average diameter of 2 m.m. The titer of the filtrate 
used had to be 8107. The six megatherium strains were here too 
inoculated on slanting jellied 1% peptone agar, incubated at 37° C., and 
then after six hours covered with 0.3 c.c. of the filtrate 899 ©. In some 
of the tubes the influence of the phage was noticéable, but still after the 
lapse of a week a considerable growth of the spore formers had taken 
place everywhere; then a fair amount of bacteria material was taken from 
each of the tubes and inoculated in tubes containing 5 c.c. 1% peptone 
water. These suspensions were then pasteurized with the same precautions 
for 10’ at 90° C., and then incubated at 30° C., or 37° C. Two days 
later a little bacteria material was taken from each tube with the exception 
of that containing 335, which in this case too had not survived the 
pasteurization, and inoculated in an ERLENMEYER bulb containing 1 % 
peptone water. These cultures were incubated for two days at 30° C., and 
then filtrated. The filtrates which were therefore derived from strains 
which had been treated with 899 © phage before pasteurization, led to the 
following results on the mutilate 33806’ : 


Filtrate 333: With a dilution of 10—4 hundreds of plaques with a 
diameter averaging 0.5 m.m., belonging to the O and the 
© types; plaques with 2 m.m. were not found. 

Filtrate 334: With a dilution of 10—5 hundreds of plaques with a 
diameter averaging 2 m.m. all of the © type. 

Filtrate 336: With a dilution of 10—4 tens of plaques with a diameter 
averaging 2 m.m., the greater number belonging to the 
Otype, and a few to the O type. 

Filtrate 337: With a dilution of 10—5 hundreds of © plaques with a 
diameter of 2 m.m. and a few O plaques with a diameter 
of 2.5 m.m. 

Filtrate 338: With a dilution of 10-1 no plaques. 


Hence from these experiments with the two pure 899 phages described 
under A and B, it seemed that the “inclusion” of these phages in the 
forming spores led to the presence of the lytic principle in the pasteurized 
spores. It is remarkable, however, that in a few cases (working with strain 
336 and 337) the spores seemed able to transform the © phage into the O 
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phage, although only to a slight extent, a circumstance which, at any rate 
in the case of the 899 phage, has never been observed under normal 
conditions (without the intervention of living spores). 


C. Experiments with the 333 O phage. 


A 333 filtrate was then made in exactly the same way as has been 
described under A, and then put on 338b’ spreadings in various degrees of 
dilution. The O plaques were taken from the mixture and pure cultures 
were made from them. The 333 O filtrate thus obtained formed at 
37° C. per c.c. 36 & 106 plaques of 0.5 m.m. diameter on 3385’ spreadings. 
And again in the same way as has been described above, 0.3 c.c. of this 
filtrate was poured on young still vegetative cultures of the megatherium 
strains 334, 336, 337, and 338, and a week later pasteurized for 10’ at 
90° C., and then inoculated in 1 % peptone water in an ERLENMEYER bulb. 
After being incubated for two days at 30° C. the cultures were filtrated 
and the filtrates obtained were tested on the mutilate 338b’. The following 
result was obtained : 


Filtrate 334: With a dilution of 10—1 no plaques. 

Filtrate 336: With a dilution of 10—1 no plaques. 

Filtrate 337: With a dilution of 10—4 hundreds of plaques of the 
O type, of which by far the majority were 0.2 m.m. in 
diameter, and the rest 1 m.m. in diameter. 

Filtrate 338: With a dilution of 10—4 hundreds of plaques of the 
O type and 1 m.m. in diameter. 


D. Experiments with the 333 © phage. 


Then young vegetative cultures of the megatherium strains 334, 336, 
337, and 338 were covered with 0.3 c.c. of a 333 © filtrate, resulting in 
the formation of 48104 plaques of 0.5 m.m. in diameter per c.c. on 
spreadings of 338b’. A week later they were pasteurized at 90° C. for 10’ 
and then inoculated in 1% peptone water in ERLENMEYER bulbs. After 
two days incubation at 30° C. the fluids were filtered and the filtrates 
tested on the mutilate 338b’. The result was as follows: 


Filtrate 334: With a dilution of 10—1 no plaques. 

Filtrate 336: With a dilution of 10— no plaques. 

Filtrate 337; With a dilution of 10-8 hundreds of plaques with a 
diameter of 0.5 m.m., 70 % belonging to the © type, and 
30 % to the O type. 

Filtrate 338: With a dilution of 10—% ten plaques with an average 
diameter of 0.5 m.m., belonging to the © type and also to 
the O type. 


Hence we see in the experiments with the two 333 phages described 
under C and D that the absorption of both these lytical principles by the 


122 


forming spores leads to the presence of the phage in the pasteurized 
spores. It is very interesting to note that the megatherium strains 334 and 
336 which could be activated by the 899 phages repeatedly proved to be 
unsusceptible to the action of 333 phages, whereas strain 338 which 
repeatedly was found to be unsusceptible to the 899 phages, could be 
affected by the 333 phages. Strain 337 was susceptible both to the 899 
phages and to the 333 phages. 

It is worthy of note, moreover, that in the spores the transformation of 
333 © phage into 333 O phage took place to a still greater degree than 
the transformation of 899 © phage into 899 O phage. This led me to 
examine the properties of the 333 phage in vitro more carefully than had 
been done up till now. To my surprise I found that dissemination of 333 © 
phage led to the formation of a majority of © phage plaques, but also to a 
small but varying number of O plaques, this being contrary to what was 
found in the case of the 899 © phage. Hence it is not necessary in this case 
to call in the help of the spore to effect the transformation, and although it 
has not yet been confirmed in vitro, it is most probable that the trans- 
formation of the 899 © phage into the 899 O phage may also take place 
apart from the spore. 


Hence since it appeared to be possible that cultures of megatherium 
strains could be so influenced by megatherium phages that these strains 
appeared to possess the power of phage production even after pasteurization, 
it seemed to me very important to find out whether this power could be 
communicated to other strains not belonging to the species megatherium. 
To do this young asporogenous cultures of Bac. undulatus 1), Bac. mycoides 
and Bac. mesentericus were treated with a very active megatherium lysate 
in exactly the same way as was done with the Bac. megatherium. A week 
after they had formed spores these cultures were subjected to pasteurization, 
which would have been destructive to the phage in vitro. The filtrate of 
the culture fluids of these strains was examined in the usual way. 


F. Experiments with Bac. undulatus. 


Young vegetative cultures of the undulatus strains 1101, 1102, 1106, 
1108*, 1109*, 1110* 2) were treated with 0.3 c.c. of a 899 © phage, which 
formed 8 107 per c.c. plaques in 338b’ spreadings. A week later these 
cultures were pasteurized at 100° C. for 5’, and then inoculated in 1% 
peptone water in ERLENMEYER bulbs, to which a little of the mutilate 3385’ 
had been added. This was done in case only a very few 899 phage particles 
should be set free from the above mentioned strains; they would then 
have the opportunity of multiplying and so be demonstrable. After 
incubating for two days at 30° C. the contents of the ERLENMEYER bottles 
were filtered and the filtrates obtained tested on 338b’ mutilates. 


1) I have described this bacillus in Zbl. Bakter. I, Orig. Bd. 122 p. 277 (1931). 
2) The numbers marked with an asterisk produce an undulatus phage. 
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The result was as follows: 


Filtrate 1101: With a dilution of 10—1 no plaques. 
Filtrate 1102: 
Filtrate 1106: 
Filtrate 1108: 
Filtrate 1109: 
Filtrate. 1110: 


The same negative result was obtained after 0.3 c.c. of an 899O phage 
had been added. 


F. Experiments with Bac. mycoides. 


Young still vegetative cultures of the mycoides strains 384, 386, 1161, 
1167, 1169 and 1171 were treated with 0.3 cc of a 899© phage, which 
led to the formation of 25> 106 plaques per c.c. in 338b’ spreadings. 
A week later these cultures were pasteurized for 10’ at 90° C. and then 
inoculated in 1% peptone water in ERLENMEYER bottles to which some 
mutilate 338b’ had been added, After two days incubation at 30° C. the 
contents were filtered and the filtrates tested on the mutilate 338b’. The 
results were as follows: 


Filtrate 384: With a dilution of 10—1 no plaques. 
Filtrate 386: ae D - oi Nye 
Filtrate 1161: ee y » oo 
Filtrate 1167: ey : » + 
Filtrate 1169: ay es 3 * ere r 
Filtrate 1171; pene . y Bk 


The same negative result was obtained after adding 0.3 c.c. of an 8990 
phage. 


G. Experiments with Bac. mesentericus. 


Young still vegetative cultures of the mesentericus strains 999, 1076, 
1082, and 1083 were treated with 0.3 c.c. of a 899 © phage, which led 
to the formation of 26 < 108 plaques per c.c. in 338b’ spreading. A week 
later these cultures were pasteurized of 5’ at 90° C. and then inoculated 
in 1 % peptone water in ERLENMEYER bottles to which some of the mutilate 
338b’ had been added. After 2 days incubation at 37° C. they were filtered 
and the filtrates obtained tested on the mutilate 338b’. 

The result was as follows: 


Filtrate 999: With a dilution of 10—1 no plaques. 
Filtrate 1076: oat 7% 7 3h is 
Filtrate 1082: eee " i ee oe ‘ 
Filtrate 1083: es a FS {ye - 
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The same negative result was obtained after 0.3 c.c. of a 899 O phage 
had been added. 


The results of the experiments described under E, F and G show that 
the spores of Bac. undulatus, Bac. mycoides and Bac. mesentericus when 
treated with a megatherium phage, contrary to the spores of Bac. 
megatherium, never lead to the formation of cultures containing this phage. 
We may point out that this result is not contrary to what COWLES found 
seeing he worked with the homologous phages of these bacilli. 

Considering too the fact that even a megatherium phage is not able to 
“infect’’ all megatherium spores, it is highly probable that the influence of 
a certain bacteriophage on certain spores which we have found by 
experiment to be present, cannot be explained simply by an inclusion 
during which there is protection against heat of an ultra microbe by the 
spores, as formely might be thought possible. The influence found to exist 
can more reasonably be attributed to an induction phenomenon, i.e. the 
stimulation to perceptible activity of a latent power of phage production in 
the spores, by the presence of a specific bacteriophage, i.e. one adapted to 
act upon the same species of spore forming bacillus. 


Keuringsdienst van Waren, Rotterdam. 


